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Abstract 

We prove that the Birkhoff sums for "almost every" relevant observable in the stadium billiard 
obey a non-standard limit law. More precisely, the usual central limit theorem holds for an 
observable if and only if its integral along a one-codimensional invariant set vanishes, otherwise 
a \/ n log n normalization is needed. As one of the two key steps in the argument, we obtain a 
limit theorem that holds in Young towers with exponential return time statistics in general, an 
abstract result that seems to be applicable to many other situations. 



Introduction 

The subject of this article, the stadium billiard, belongs to the class of dynamical systems that are 
sometimes referred to as intermittent ones. This name is related to the weakly chaotic nature of 
the time evolution that accounts for a modified, relaxed appearance of the behavior characteristic 
to systems with uniform hyperbolicity. In particular, the mathematically rigorous investigation of 
the stadium started v^^ith |Bun79] v^^here Bunimovich shov^^ed (with respect to the natural invariant 
measure) that the Lyapunov exponents are almost everywhere non-zero, and that the system is 
ergodic. Thus in that respect the stadium billiard resembles dispersing billiards, however, when 
finer statistical properties are discussed, deviations start to show up. Recent works by Markarian 
( |MaTn4| ) and Chernov-Zhang ( |CZ| ) have obtained an upper bound on the rate of mixing: given 
two sufficiently smooth (Holder or Lipschitz continuous) observables, their correlations decay as 
0((logn)^/n). Although this upper bound is most likely not sharp, it is definitely not far from 
the optimal either (see Corollarv II. 2^ . In this paper we investigate the issue of probabilistic limit 
laws and provide further evidence of the intermittent nature of the dynamics. Namely we show 
that the limit behavior of a sufficiently smooth observable with zero mean, to be denoted by /o, 
is characterized by a quantity I (cf. (jH)), its average along the one dimensional set of trajectories 
bouncing forever along the straight segments. In the typical case / 7^ 0, the Birkhoff sums of /o satisfy 
a non-standard limit theorem - convergence in distribution to the Gaussian law can be obtained with 
a a/ cn log n normalization, where the constant c is a multiple of see Theorem ll.il On the other 
hand the central limit theorem in its usual form applies if J = 0, see Theorem 11.31 These results 
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have some almost immediate corollaries: we obtain the analogous limit theorems for the billiard flow 
(Corollary and, though in a very weak form, some lower bounds on the rate of correlation decay 
(Corollary OI). 

The issue of probabilistic limit laws in dynamical systems has a long history. In the chaotic set- 
ting the possibly most frequently applied method is Gordin's martingale argument (see |Gor69j . or 
|You98j and references therein) that roughly states that under quite general conditions, whenever the 
correlations decay at a summable rate, the usual central limit theorem holds. This technique, how- 
ever, cannot treat non-standard limit behavior or non-summable decay rates. Recently Aaronson and 
Denker have proposed an approach to the issue of non-standard limit theorems, see e.g. |ADni| . The 
dynamical systems they study, the so called Gibbs-Markov maps, possess some important features 
characteristic to uniformly expanding Markov maps of the interval, in particular, they are strongly 
chaotic. However, the functions / for which limit theorems are proved are unbounded, and do not 
even belong to L^. This setting allows for the use of Perron- Frobenius techniques: there is a one 
parameter family of transfer operators the spectra of which give precise information on the limit 
behavior of the observable. In particular, the Birkhoff sums satisfy exactly the same limit theorem 
that an i.i.d. sequence of random variables with the distribution of / would have. For details see 
|ADfll| and Section [HH] of the present paper. 

The above ideas can be implemented to treat limit laws for bounded functions in weakly chaotic 
systems Tq : Xq ^ Xq in case the following scenario applies. Let us assume that the source of 
non-uniformity in hyperbolicity is a well-distinguishable geometric effect. Then one may consider a 
subset X C Xq such that the first return map onto X is uniformly hyperbolic, however, our observable 
induces an unbounded function on X. Thus we arrive at a setting close to that of |ADfll| . This line 
of approach has been successfully applied to systems for which the induced map is Gibbs-Markov 
(see eg. |Goun4| ). which, however, is not exactly the case of the stadium billiard. 

What replaces Gibbs-Markov property in billiards is the presence of a Young tower, an object that 
has turned out to be very effective when estimating the rate of the decay of correlations. There 
are two versions of Young towers: those with exponential return time statistics ensure rapid mixing 
- exponential decay of correlations - via Perron-Frobenius techniques f [You98 jV while those with 
polynomial return time statistics give polynomial upper bounds on the rate of correlation decay - 
slow mixing rates - via coupling techniques ( |You99| V As to the case of the stadium billiard, the 
Young towers constructed in |MaTfl4| and |CZ] have polynomial return time statistics with respect to 
the original map, and exponential return time statistics with respect to the induced map. The aim 
of the present paper is, in addition to present our results on the stadium billiard, to demonstrate 
that Young towers, originally designed to estimate mixing rates, are almost equally powerful when 
the issue of various limit laws is investigated. Note that this fact has already been observed and 
emphasized by Szasz and Varju in the papers |SVfl4a,| and fSVn4b| . 

The proof of Theorem 11.11 consists of two clearly distinguishable ingredients. On the one hand, via 
Perron-Frobenius techniques, we prove Theorem 13. 4| a general result in Young towers with expo- 
nential return time statistics. This concerns the limit behavior of the Birkhoff sums of observables 
belonging to the non-standard domain of attraction of the Gaussian law. It is important to note that, 
as the Gibbs-Markov property is replaced by a Young tower, a new effect shows up that typically 
rescales the normalizing sequence with a constant multiplicator. We would also like to emphasize 
that this first ingredient of the proof is completely general and could be applied to many other situ- 
ations. On the other hand, the second ingredient is directly related to the stadium billiard. We rely 
on |Marn4j and |CZ| when considering a suitable induced map that allows for a Young tower with 
exponential return time statistics. However, in order to "pull back" the limit theorem from the Young 
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tower to the phase space of the billiard, and in order to give a transparent interpretation in terms of 
quantities easy to calculate, we need to perform a finer and more detailed geometric analysis of the 
stadium than the one presented in the above two papers. 

We strongly do believe that our line of approach could be applied to obtain non-standard limit 
theorems in many other hyperbolic dynamical systems, in particular, in certain billiards with slow 
mixing rates. One of the most interesting candidates, the infinite horizon Lorentz process, for which 
the significance of the limit behavior is further emphasized as it may give an effective tool to discuss 
recurrence properties, is investigated by Szasz and Varju ( |SV| ). Among others, it is also worth 
mentioning skewed stadia (see |CZj ) and dispersing billiards with cusps ( |Mac83j ). We plan to turn 
back to these systems in separate papers. 

The article has five sections. In the first one we state our main results and fix some basic notation. 
The second section is devoted to general results on the stadium billiard. We essentially recall the 
existence of Young towers for an induced map, proved by Markarian in |Ma,rn4] . In the third part, 
we study abstract Young towers and establish a spectral perturbation estimate. In particular, to get 
a limit theorem, it is sufficient to study an integral with sufficient precision. In Section 4, we come 
back to the stadium billiard map, and describe geometrically this integral. With a careful study of 
the singularities of the stadium map, this gives an accurate description of this integral. Finally, in 
Section 5, we use together the abstract results of Section 3 and the explicit estimate of Section 4, to 
prove Theorem ll.il 



1 Results 

Let i > 0. We consider a region in the plane delimited by two semicircles of radius 1, joined by 
two horizontal segments of length i, tangent to the semicircles. To a point on the boundary of this 
set and a vector pointing inwards, we associate an image by the usual billiard refiection law. This 
defines the stadium billiard map Tq : Xq ^ Xq. This map admits a unique absolutely continuous 
invariant probability measure /iq. 

A point in the phase space Xq is given by (r, 5), where r e M/(27r + 2i)Z is the position on the 
boundary, and 9 G (— 7r/2,7r/2) is the angle with respect to the normal to this boundary at r. The 
invariant measure is given by 

cos 9 dr d9 
"^^^ = 2(27r + 2£)- 

We will assume that r = corresponds to the lower endpoint of the right semi-circle, and that 
the boundary is oriented counterclockwise. Hence, the semicircles correspond to ^ r ^ vr and 

Let /o : Xo ^ M be a Holder function. We will be interested in the asymptotic behavior of the 
Birkhoff sums of /q. The map Tq is slowly mixing, by |Marn4| and |CZ] : its correlations decay 
(at least) like O {{log n)'^/n). This estimate is not summable, whence the usual Gordin martingale 
argument to get a central limit theorem does not apply. We will indeed prove that the usual central 
limit theorem does not hold. 



Let 



/o(r,0)dr+ / /o(r,0)dr 

r-e[7r,7r+^] J re[2TT+e,2iT+2E] 



(1) 
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This is the average of /o along the trajectories bouncing perpendicularly to the segments of the 
stadium. 

In this article, we prove the following theorem: 

Theorem 1.1. Let /o : Xq — > M 6e Holder continuous, satisfying J /od/xo = and / 7^ 0. Then 

Er=lfooT>; 



where 



V cn log n 
4 + 31og3 



e2 t2 



4-31og3 4(7r + 



Corollary 1.2. Under the assumptions of Theorem, \l.l\ the quantity n J fo ■ fo o does not tend 
to zero. 



Proof. We have 



n-l 



fc=0 



/n— 1 
i=i 



n / fl + 2\ in-t) / /o-/ooT\ 



If J fo ' fo ° = o{l/i), we obtain / [^^=q /o ° = o(nlogn). In particular, the variance of the 
random variable — ''7° ° tends to zero. This implies that this random variable tends to zero in 

\/n log n ^ 

probability, which is in contradiction with Theorem 11.11 □ 



Hence, we obtain a lower bound 0(l/n) on the speed of decay of correlations of Holder functions. It 
indicates that the upper bound of Markarian and Chernov-Zhang is close to optimal (it may probably 
be replaced by 0(l/n), since the (logn)^ seems to be due to the technique of proof). 

We also obtain the following (easier) result: 

Theorem 1.3. Let fo : Xq ^ M. be Holder continuous, satisfying J /o d/xo = and 1 = 0. Then 
there exists cr^ ^ such that 

^^=°^°°^°-^Ar(0,a2). 
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Hence, when / = 0, the Birkhoff sums of /o satisfy a usual central limit theorem. 

Before going into the details of the proof we consider one particularly interesting observable: the 
free path. Given x = (r, 6^), we denote Tqx = (ri, 6^1) and define r(x) as the planar distance of r and 
ri. In other words, t{x) is the length of the trajectory segment the point particle follows until the 
next collision. To investigate the limit behavior of the free path r : Xq — M, we have to subtract its 
mean f = f rd/io, thus we define to{x) = r(x) — f . There is a remarkably simple formula for f that 
can be obtained by comparing the invariant measures for the billiard map and the billiard flow (see 

2i + 2TT ^ ' 

On the other hand, we may easily calculate ^ as we have r(r, 0) = 2 whenever r G [tt, tt + £] or 
r G [2n + £,2tt + 2i], thus It = '2 and J^-q = 2 — This means there is a "best" stadium with 

" — "* — 47r-7r2 ^ which = aud consequently, by Theorem 11.31 the (centralized) free 



27r-4 



4 



path satisfies the usual central limit theorem. However, whenever I ^ I* , we have Ir^ 7^ and, by 
Theorem 11.11 a stronger normalization is needed. 

Our interest in r is also related to the fact that the billiard flow may be considered as a suspension 
above the billiard map with the roof function t(x). By |MTfl4| suspension flows do inherit some 
statistical properties from the base transformation, in particular limit theorems, under quite general 
conditions. Let us denote the billiard flow by 

X,- = {(x, m) I X G Xo, < M < r(x)}/ ~, (x, r(x)) ~ (TqX, 0) St{x,u) = {x,u+t), ^r = fJ'0>^^— 

T 

where the action of the flow is understood modulo identiflcations. Consider a Holder observable 
$ : Xr — M satisfying / $ d/Xr = 0, and deflne 

rT T r r r 

<l>(r, 0,t) dt dr 



= [ ^{S'x) dt; Jc 
Jo 

Corollary 1.4. 1. If J,;, ^ 0, then 



1 

4i 



.J rG [7r,7r+^]U[27r+^,27r+2£] J te [0,2] 



Ar(0,l). 



Here c is the constant from Theorem \l.l\ with I replaced by J$. 
2. If J$ = 0, then 



T 



/T 

for some ^ 0. 



mo, 



Proof Deflne /o : Xq ^ M as /o(x) = /q^^"^^ <l>(5t(x, 0)) dt. Then /o is Holder, / /od/io = and 
J/o = J<s>. Thus, depending on the value of J$, one of our two main theorems applies. To show that 
$ inherits the limit behavior from /o, we apply the flow version of [(touO.SL Theorem Al] recalled as 
Theorem 15.11 in this paper (see also Remark l5.2|l . We only need to check that the three conditions 
of this theorem are satisfled. In case J$ 7^ (and even if J$ = and i = i*) conditions 1 and 3 
are satisfled with 6 = 1. Then condition 2 is merely the Birkhoff ergodic theorem, thus the flrst 
statement is established. If J$ = 0, the appropriate normalization for r may be n log n as opposed 
to ^/n needed for /q. Thus conditions 1 and 3 of Theorem 15.11 axe satisfled for any < 6 < 1, but 
not for 6 = 1. This means condition 2 is to be established for some 6 < 1, but this is merely our 
Remark (5.61 This completes the proof of the second statement. □ 

We will say that a Holder continuous function /o : Xq — M with vanishing integral satisfles (PI) 
if J 7^ and /o vanishes on the set of points x such that x, To(x) and Tq"^(x) belong to the same 
semicircle, and that /o satisfles (P2) if J = 0. We will in fact prove Theorem 11.11 for functions 
satisfying (PI), and Theorem 11.31 for functions satisfying (P2). This will imply Theorem 11.11 in full 
generality. Namely, if /o is Holder continuous and satisfles / 7^ 0, then we may write it as /o = /i + /2 
where /i satisfles (PI) and /2 satisfles (P2). By Theorem 1 1.3L ^^^"^^ ^ 0. Hence, it is equivalent to 
have Theorem 11.11 for /o or fi . We will comment on the technical reason for introducing the classes 
(PI) and (P2) in Remark below. 

In this paper, C will denote a generic constant, that can change from one occurrence to the next. 
Some constants, which will be used at different places in the paper, will be denoted by Ci,C2, . . . 
and will have a flxed value. 
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2 Background material on the stadium billiard 



2.1 Geometric description of the initial map and of an induced map 

The map To has almost everywhere two nonzero Lyapunov exponent. However, the expansion in the 
unstable cone (and the contraction in the stable cone) are not uniform: points bouncing many times 
along the segments, or sliding along the circles, have an expansion arbitrarily close to 1. 

To get uniform expansion, we follow |Marn4j and |CZ| . Let X be the set of points x in Xq such that 
X belongs to a semicircle and T~^{x) does not belong to this semicircle. The set Xq is a union of two 
parallelograms in X, and it satisfies 

Define a new probability measure on X by 

cos 6 dr dO 

= 0^ ■ 

Zn 

For X G X, let f+{x) = mi{n ^ 1,Tq{x) G X}. This is the return time of x. Let T : X X be 
the first return map, induced by Tq on X, i.e., T{x) = Tq'^^^\x). This map preserves the probability 
measure /i on X. Moreover, it is uniformly hyperbolic in the following sense: 

Proposition 2.1. There exists a continuous family of closed cones C"(x) for x E X, such that 
DT{x){C^{x)) C C"{Tx). Moreover, there exist constants A > 1 and C > such that, for all x E X , 
for all V G C"(x), for all n E N such that T" is defined and dijferentiable at x, 

\\DT''{x)v\\ ^ CA"||t;||. 

Moreover, these cones are uniformly bounded away from the horizontal and vertical directions (i.e., 
{d9 = 0} and {dr = 0}). 

In the same way, there exist stable cones C'^ix), which satisfy the same properties for T^^, except 
that they are not bounded away from the horizontal direction. 

This proposition can be found in |MaTfl4| and |CZ] . The uniform expansion is given for a different 
metric, the p-metric, satisfying \\v\\p ^ However, it is easy to check that there exists C > 

such that, for all x G X, for all v G C"(x), ||i5T(x)f ||p ^ C \\v\\. Hence, the uniform expansion in 
the p-metric implies the same statement for the euclidean metric, up to a constant C. 

There are two different types of points for which ^+{x) can be large: they correspond to points 
bouncing many times along the segments, or sliding many times along the circles. We will need to 
describe rather precisely the hyperbolic behavior of T in bouncing regions: 

Proposition 2.2. If x is a bouncing point satisfying v^+(a;) = n, then T contracts the p-metric of 
vectors in the stable cone at least by a factor ^, while contracts the p-metric of vectors in the 
unstable cone at least by a factor ^. Moreover, Tx andT~^x are bouncing points with (f+{Tx) ^ n/4, 
(p-^-{T~^x) ^ n/4 ifn is large enough. This implies, in turn, that the above contraction estimates are 
valid in the euclidean metric as well. 
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Remark 2.3. Note that if a; is a sliding point satisfying (p+{x) = n, then we can only guarrantee 
that Tx and T~^x are sliding points with {p+{Tx) ^ C^/n and Lp+(T^^x) ^ Cy/n. This has an 
unfortunate consequence: we can only apply the coboundary arguments of section 12.31 to functions 
vanishing along sliding trajectories. Essentially this is the technical reason for introducing the classes 
(PI) and (P2). The proof of Theorem 11.11 relies heavily on Perron-Frobenius techniques, and thus 
requires an expanding setting, which implies that collapsing along stable manifolds - coboundary 
arguments - are essential. Now for the class (P2) it is enough to prove the usual central limit 
theorem (Theorem II. 3j) which can be carried out in a roundabout way in the hyperbolic setting, see 
section 15.21 

2.2 Young tower of T 

A set i? C X is a rectangle if there exist x E R with a local stable manifold Wf^^^x) and a local 
unstable manifold W{^^{x), and two Cantor sets C Wil^{x) and C Wf^^^x), such that, for 
any yg G and yu G C"*, then yg has a local unstable manifold Wi^^{ys) and yu has a local stable 
manifold Wf^^{yu)- Moreover, these two local manifolds intersect at exactly one point, and this point 
belongs to R. 



An s-subrectangle of -R is a set (^Uyec ^iociy)j ^ where C is a subset of A w-subrectangle is 
defined in the same way. 

|MaTn4j and fCZ] have proved that T : X ^ X satisfies Chernov's axioms of |Che99| . This implies 
that it admits a hyperbolic Young tower in the following sense: there exist a rectangle R of positive 
measure, a partition R= [jRi (modulo 0) by s-subrectangles, and return times G N such that T^^ 
is a homeomorphism on Ri, and T^^{Ri) is a w-subrectangle of R. Moreover, the tails of the tower 
are exponentially small: there exist p < 1 and C > such that 



We can then define an abstract space A as the disjoint union of the sets T''{Ri) for i e N and 
k < Ti. It is endowed with a natural projection vr^ : A X and a dynamics ?7 : A — > A such that 

TTx O [7 = T O TTx . 

It is also possible to construct on A a probability measure /x^ which is invariant under U and such 
that (vrx)*(/iA) = A*- Note however that nx is in general strongly not injective, so that /x^ can not 
be defined as the pullback of /i. Rather, one constructs an invariant measure for [7, and one proves 
that its projection, being absolutely continuous with respect to /i and T-invariant, is necessarily /i. 

It is then useful to go from this abstract hyperbolic dynamics to an abstract expanding dynamics. 
To do so, one identifies the points of A which are on the same stable leaf in some rectangle. This 
defines a space A, together with a projection tta : A A. Since the map U sends stable leaves to 
stable leaves, it gives rise to a dynamics U : A ^ A on the quotient. The measure /ia := {t^^)*{Pa) 
is invariant under U. Then (A, U, p/^) is an expanding Young tower, in the sense of Section IX2l 

2.3 Coboundary results 

Let /o : Xo — > M be a Holder function satisfying (-P1), for which we want to prove a limit theorem. 
Since it is easier to work in an expanding and well understood setting, we will first prove results in 
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A, and then go back from A to Xq. 

For X G X, let first f{x) = ^^=0^^ ^ foiT^x). This function is not bounded any more. However, if 
two points X and y are on a local stable manifold which is not cut by a discontinuity of Tq during 
the next n iterates of Tq, and with (p+{x) = i^+i^y) = n, then 

\f{x)-f{y)\^Cnd{x,yr (4) 

for some a > 0. In the same way, if x and y are on a local unstable manifold which is not cut during 
the next n iterates of Tq, and ^+{x) = '^+{y) = n, then — f{y)\ ^ Cnd(Tx,Ty)". Moreover, 

the property (PI) implies that / is bounded on the set of points sliding along the semicircles. 

The measure of points bouncing n times along the segments is ~ Since / (given by (P)) is 

nonzero, the function / is equivalent to nl on this set, and we obtain 

n/\I\ 

Hence, the distribution of / is in the nonstandard domain of attraction of the Gaussian law (see 
Paragraph 13.11) . 

Define a function / on A by / = / o ttx. It would be easy to go finally from A to A if / were 
constant along the local stable leaves in A (which would mean that / would induce a function on 
the quotient A). This is in general not the case, but we will prove that / is cohomologous to such a 
function, using the usual cohomology trick. 

For every rectangle in A, choose a definite unstable leaf. Define a projection tt : A ^ A by sliding 
along stable manifolds to this specific unstable manifold. We define a function u{x) = J^k^o [/(^^^)~ 
/(f/'^TTx)]. Note that, despite of the fact that T contracts stable manifolds uniformly, the function 
u{x) may not seem well-defined at first sight, as / - and consequently, its Holder constant - is 
unbounded. Nevertheless, whenever / is large, T contracts stable manifolds strongly, and the Holder 
constant can be regained by going down the tower. This is the essence of the following lemma. 

Lemma 2.4. The function u is well defined and bounded on A. 

Proof. In this proof the positive constants C do depend on the Holder exponent a, but this has no 
significance. Let i^' G N be such that aK > 1. Consider first x which is at height ^ K in the tower. 
Let y = Tcx. Let x' = U^^x and y' = U~^y. We will prove that 

V/t G N, \f{U''x) - f{U^y)\ ^ Cd(7rxf7V, Tr^f/V)"- (6) 

Namely, if ip+{nxU^x) = n, then 

IfiU^x) - f{U^y)\ ^ CndinxU'x, nxU^yr = CndinxU'+'' x' , vrxf/'+^y')" (7) 

by (IH). If n = ip+ijixU^x) is bounded, the conclusion is trivial. If n is large and nxU^x is a sliding 
point, the conclusion is also trivial by (-P1). 

Hence, assume that n is large and that t^xU^x is a bouncing point. Proposition 12.21 implies that, for 
^ i < i^, lp+{tixU^^''x') ^ n/4^~* ^ n/A^ . Once again by Proposition 12. 2[ we get 

d{7rxU^+'-'^x',7rxU''+'+W) ^ -^(vrxt/'+V, vrxt/'+V). 

Th 
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Hence, 

Together with (|2|) and the inequality Ka > 1, this implies (jH)). 

Since ttxx' and nxy' are on a local stable manifold, d{'KxU^x' ^ t^xU^u') goes exponentially fast to 
zero. Hence, the series ^ |/([7'^x) — f{U''y)\ is summable, and u{x) is well defined. 

Suppose now that x is at height < K. Let y = nx. Applying the previous argument to x' = x and 
y' = y, we get that Y1'^=k Ifi^^x) — f{U^y) \ is bounded. Moreover, during the first K iterates, x and 
y remain at a bounded height in the tower, which implies that f{U''x) and f{U^y) remain uniformly 
bounded. This concludes the proof. □ 

Let g{x) = f{x) — u{x) + u{Ux). Then 

oo 

-g{x) = f{nx) + 5^[/(f/^([/7rx)) - f{U'{7:Unx)) . 

Hence, g{x) depends only on vrx, i.e., g is constant along the stable manifolds in the rectangles. 
Consequently, there exists a function : A — > R such that g = g o n^. 

It will be important that g is regular enough on A, to use functional analytic techniques. For 
Xi,X2 G A, let s{xi,X2) be their separation time, i.e., the number of returns to the basis before Xi 
and X2 get into different elements of the partition. To obtain the following lemma, we will use several 
times the same argument as in Lemma EH but sometimes along unstable manifolds instead of stable 
ones. 

Lemma 2.5. There exist C > and r < 1 such that, for every xi, X2 in the same element of partition 
of^, 

\g{x,) ~ gix2)\ ^ Cr^'^^'^'^l 

Proof. Let us first prove that, if Xi,X2 belong to the same unstable leaf in a rectangle of A, then 

g{xi) — g{x2) is uniformly bounded. (8) 

The same argument as in the proof of Lemma shows that ^^Iq [/(^'^(^^^)) ~ f{U^{''^Unx))~\ 
is bounded. Hence, it is sufficient to prove that /(vrxi) — f{TTX2) is bounded. Let K be as in the 
proof of Lemma EH If xi (and X2) return to the basis of A before time K, then = (p+{x2) 

is bounded, which implies that /(vrxi) and /(vrx2) are bounded. If xi (and X2) are sliding points, 
then the conclusion is also a consequence of (-P1). Otherwise, Xi and X2 are bouncing points. We 
show as in the proof of Lemma 12.41 (but along the unstable leaf containing nxi and 11x2) that 
|/(7rxi) — /(7rx2)| ^ Cd{'iTxU^T^Xi,7ixU^T^X2)"'. Since this quantity is uniformly bounded, this 
concludes the proof of 

Take xi,X2 G A on the same unstable leaf, and let s = s{n^{xi) , ita{x2)) ■ We will prove that 

\9ix,)-gix2)\^CX'^^/' (9) 

for some C > 0, where A < 1 is larger than the contraction coefficient of T along stable manifolds, 
and the contraction coefficient of along unstable manifolds. 
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By 0, this is trivial if s < 2K. Hence, we can assume s ^ 2K. Let = [f J ^ then 

g{xi) - g{x2) = /(vrxi) - /(vrxa) 

N-1 N-1 

+ Yl [fiUHUrrx,)) - fiU'iUTTx,))] + ^ [fiU^TrUrrx^)) - f{U\ixUixxr)) 

k=Q k=0 

oo oo 

+ J2 \^XU\Unx^)) - f{U\nUnx^))] + Uxu'i^UTrx^)) - f{U\U7,x,)) 



(10) 



k=N 



k=N 



Since N + K ^ s, we have for any k < N 



Summing over fc, we obtain 

N-1 



Y^\f{U\U7^X,))-f{U\U7iX2)) 



k=0 



The other term on the second line of (fTO|l can be estimated in the same way, as well as the term on 
the first line of (fTOll . 

Since N ^ we also have for any k ^ N 

IfiU^U-KXi)) - f{U\'KU'KXi))\ ^ Cd{TixU^~^{UTlXi),TixU^~^{T^UT^Xi)Y 

^ CX»(''-K)d{nx{U7CXi),'Kx{'nO'KXi)T ^ CA"^ 



Summing over k, we obtain 

oo 

J] \fiU\U7Tx,)) - fiU'i^Unx,)) 



k=N 



The other term on the third line of (|TT1|l is handled in the same way. 



□ 



3 Limit theorems in Young towers 
3.1 A result by Aaronson and Denker 

A function / : — > is slowly varying if, for all A > 0, f{\x)/f{x) tends to 1 when x oo. 

By classical probabilistic results, a real random variable Z is in the nonstandard domain of attraction 
of the Gaussian distribution A/'(0, 1) if and only if it satisfies one of the following equivalent conditions: 

• The function L(x) := E{Z'^l\z\<^x) is unbounded and slowly varying. 

• P{\Z\ > x) ~ x~'^l{x) for some function / such that L{x) := 2 J^^-^du is unbounded and 
slowly varying. 
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Remark 3.1. In this case, L{x) ~ L{x) when x ^ oo, and l{x) = o{L{x)). It is possible, however, 
that / is not slowly varying and that these conditions hold anyway. 

Such a random variable belongs to for all 1 ^ p < 2, but not to L^. We will say that / and 
L are the tail functions of Z. They are defined up to asymptotic equivalence. Choose a sequence 
Bn — > OO such that -^L{Bn) 1. Then, if Zq, Zi, ... is a sequence of independent random variables 
distributed as Z, then 

Zq + ■ ■ ■ + Zn-i - nE{Z) _^ 

Bn 

More generally, if -^L{Bn) ^ C > 0, then the previous sequence converges to A/'(0,C). 

In [ADfll] . Aaronson and Denker have proved the same kind of limit theorem when the sequence 
Zo, Zi, . . . is not independent. More precisely, consider U a mixing Gibbs-Markov map (as defined 
in |Aar97j ) on a space A, preserving a probability measure /xa, and let (yf : A — > M be a function 
which is locally Holder and whose distribution with respect to /ia is in the nonstandard domain of 
attraction of A/'(0, 1) as above. Then they prove that 

Bn 

as above. 

The proof goes as follows: let U be the transfer operator associated to f/, and Ut its perturbation 
given by UtU = U{e^^^u). These operators satisfy a Lasota-Yorke inequality on the space of Holder 
functions, and ||?7i — ?7|| = 0(t). Hence, the eigenvalue At of Ut close to 1 satisfies \\t — 1\ = 0{t), 
and the corresponding eigenfunction Wt (normalized so that j Wt = l) is such that \\wt — 1|| = 0(t). 

Then they prove the following abstract lemma (in which there is no dynamics, this lemma depends 
only on the distribution of g): 

Lemma 3.2. For any hounded function w on A, 

-l-itg)w = -^ j \\^y\t\g^w+\\w\\^o{t^L{l/\t\)). 

Here, the oit^ L{1 j \t\)) is uniform in w. 
Applying this lemma to Wt, one gets 

\t-l-it j gwt = j (e'*^ - 1 - itg)wt = -\ j MaKm\9''wt + o{eL{l/\t\)) 
(where we have used the fact that Wt is bounded). Since Hift — 1 1|^ = o(l), 

^ j l|,|^i/|t|/«;t = ^L(l/|t|)(l + o(l)). 

Hence, 

\t = l + ttjgwt- *-L{l/\t\){l + o(l)). (11) 
Finally, / gwt = J g + 0{t) since \\wt — = 0{t). So we get 

Xt = l + ttl ^-^L(l/|t|)(l + o(l)). 
This expansion is sufficient to get the required limit theorem. 
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3.2 The result in Young towers 

Let (A,/iA) be a probability space and U : A — > A a probability preserving map. We say that 
(A, f/) is an expanding Young tower f |You99j ) if there exist integers Vp G N* and a partition 

{Afc,p}pgN,fce{o,...,rp-i} of A such that 

1. For all p and k < Vp — 1, T is a measurable isomorphism between A^ p and A^+i p, preserving 

/iA. 

2. For all p, T is a measurable isomorphism between A^^-i^p and Aq := Ao,m- 

3. Let Uo be the first return map induced by U on Aq. For x,y E Aq, define their separation time 
s(x,y) = mf{n G N | Uq{x) and Uq^u) are not in the same Ao,p}. We extend this separation 
time to the whole tower in the following way: if x, y are not in the same element of partition, 
set s{x,y) = 0. Otherwise, x,y E A^ p. Let x',y' G Ao,p be such that x = U^x' and y = U^y', 
and set s{x,y) = s{x',y'). 

For x G A, let J{x) be the inverse of the jacobian of U at x. We assume that there exist P < 1 
and C > such that, for all x,y in the same element of partition. 

Ay) 

Remark 3.3. Note that the definition of separation time in |You98| is in terms of the number of 
all iterations of U, while we follow the convention of |You99j when we define separation in terms of 
returns to the basis. Hence, our setting is more general than that of |You98| . but it will make the 
proof of the spectral gap more complicated. 



s{Ux,Uy) 



(12) 



Let A„ = IJ A„p. This is the set of points at height n in the tower. We will say that (f/, A) is an 
expanding Young tower with exponentially small tail if there exists p < 1 such that /xa(A„) = 0{p"'). 

Let J(") be the inverse of the jacobian of U"'. It is standard that (fT2|l implies that the distortion of 
the iterates of U is uniformly bounded, in the following sense: there exists C > such that, for all 
points X, y such that and T''y remain in the same elements of the partition for ^ k < n, 



^ C(3 



s{U"x,U"y) 



(13) 



A function (7 : A — > R is locally Holder if there exist C > and r < 1 such that \g{x)—g{y) \ ^ Cr'^^^'^^ 
for all X, y in the same element of the partition. This is exactly the type of functions that arise from 
the stadium billiard, cf. Lemma 12.51 Note that g can very well be unbounded. Without loss of 
generality, we can assume r ^ /?. 

Let u{x) be the height of the point x, i.e., u^x) = n if x E A„. Let ttq : A — >^ Aq be the projection 
to the basis, and define a function G on A by G{x) = Ylk=o ^ 9{U^t^qx). In this setting, we get the 
following extension of the theorem proved by Aaronson and Denker: 

Theorem 3.4. Let U : A ^ A be an expanding Young tower with exponentially small tail, and let 
g : A —>■ W be locally Holder continuous. Assume that the distribution of g is in the nonstandard 
domain of attraction of {0,1), with tail functions I and L. Assume moreover that I and L are 
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slowly varying, and l{x\nx)/l{x) 1, L{xliax)/L{x) 1 when x ^ oo. Finally, assume that there 
exists a real number a ^ —1/2 such that 

j g{e''^ - 1) = (a + o{l))itL{l/\t\)) when t 0. (14) 

Write Li{x) = (2a + l)L{x), and choose a sequence — oo such that -^Li{Bn) — > 1. Then 

SnQ — n f q 

The additional assumption on / and L is satisfied in most natural cases (for example when / = 1 and 
L = In, which will be the case for the stadium billiard). 

When a = 0, we get the same asymptotics as in Aaronson-Denker's Theorem. However, when a 7^ 0, 
then there is an additional effect due to the presence of the tower. 

The proof will follow the same lines as in Aaronson-Denker's proof: it is possible to construct a 
good space on which the transfer operator U has a spectral gap. The perturbed operator Ut also 
has a spectral gap, which gives an eigenvalue At and an eigenfunction Wt. The main problem is that 

t/j — L'^ll can not be 0{t) in general: it is easy to construct examples where t = o(^\\{Ut — U)l\\^2^, 

whence )f: = o^||[/f — f/||j as soon as the good space is contained in and contains the function 1. 

Using abstract arguments by Keller and Liverani, we can nevertheless prove that |At — 1| = 0(|t|^/^°) 
and \\wt — l||^i = 0(|t|^/^°). These information are (essentially) sufficient to apply Aaronson and 
Denker's argument and get Xt = I + it J gwt — y / l|g|^i/|t|fi'^'U^t + 0(^^-^(1/1^1)) as in (fTI|l . The 
main difficulty is then to make the function Wt disappear in this expression, to get something more 
tractable. We will namely show that / l\g\^i/\t\g'^Wt ~ L(l/|t|) and / gwt ~ / f^e**"^, which will 
conclude the proof. 

To do this, we need to know that Wt — 1 = 0(t) in some sense. To prove such an estimate, we use a 
roundabout technical argument relying on the fact that the induced map on the basis of the tower is 
uniformly expanding, to prove that ||lAo(wt — = 0(t), and then we propagate this information 
up in the tower, using the information we have already proved on Af. This propagation requires 
the Birkhoff sums of g to be small enough. To ensure this on a set of large measure, we use the 
information on the tails of g. This is the only point where the additional information on / and L is 
used. 



3.3 Proof of Theorem 13741 

We will first prove Theorem 13.41 assuming that f g = 0. In Paragraph I3.3.5[ we will show that this 
implies the theorem in full generality. Hence, until the end of Paragraph \3. 3~4 we will assume that 
1 9 = 0. 



3.3.1 Construction of the functional spaces and the transfer operators 

Since the tails of the tower are exponentially small by assumption, there exists p < I such that 
PAi^n) ^ Cp". Denote the return time to the basis from itself by if. Take e > such that e^^p < 1. 
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For u : A ^ C, write 

= mf{C I Vn G N, for almost every x G A„, \u{x)\ ^ Ce^"} 

and 

||n||^ = inf{C I for almost every x,y in the same element of the partition at height n, 

\u{x)-u{y)\ ^ Ce^"r^(^'J')}. 

Denote by H the space of measurable functions m on A for which := + ||w||; < +00. It is 
a Banach space included in (and even in because of the condition e^^p < !)• This inclusion is 
compact. 

The following proposition is similar to a result of Young: 

Proposition 3.5. There exist C > and 9 < 1 such that, for any u eH., for any n G N, 

Note that our definition of separation time is not the same as in |You98| . and that Young uses the 
fact that the return to the basis only occur after a large time N . This gives her a strong expansion, 
sufficient to get rid of constants easily. This is not true in our setting. Hence, the proof of the 
proposition will be more involved than Young's. 

Proof. Take x G Aq. Then U"u{x) = ^ J^'^\xp)u{xp), where {xp} = f/~"(x). Let Ap containing Xp 
be such that U"' : Ap ^ Aq is an isomorphism. Then J^"\xp) ^ Cha{Ap) since the distortion is 
bounded, by (fT!?| . Let Up be the height of the set Ap and the number of returns of Ap to the basis 
before time n. 

For y G Ap, s{xp, y) ^ r^, whence 

\u{xp) - u{y)\ < r'^'^e'"^^ \\u\\i . 

Hence, 



1 

^^^{Ap) 



\u{xp)\ ^ r'^^e^"^ + , , , / \u\. (15) 



We get 



|[/"m(x)| ^Cj^/iA(Ap)r"''e"^''||u||^ + C j 



u\. (16) 



Let : A — > N be the function "height", and let '^n{x) be the number of returns of x to the basis 
between time 1 and n. Then (fTH|l implies that 

|f/"u(x)| ^ C||m||; /" r*"e^^ + C||u||^i. (17) 

We will use the following technical lemma, which will be proved in the appendix. 
Lemma 3.6. There exist C > and 6 < \ such that, for any n G N, 

r*"e"" ^ C^". (18) 

C/-"Ao 
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Increasing 6 if necessary, we can assume that e ^ ^6. 

This lemma, together with (fTTji . implies that, for any x G Aq, 

|f7"u(a;)| ^Ce''\\u\\i + C\\u\ 



(19) 



Consider now x G A such that uj{x) = k < n. Let x' be its projection in the basis. Then U"'u{x) = 
U'^~'^u{x'), whence 

e-^'=|f/"M(x)| = e~^^|t/"-^M(x')| ^ e-^'^Ce''-'' + Ce^''' \\u\\^, ^ + C \\u\\^^ . (20) 

Assume finally that uj{x) = k ^ n. Let x' = f/~"(x). Then 

e-'''\UMx)\ = e-'''e-'^''-''^\u{x')\ ^ e-^"||M||^. (21) 



These equations prove that 



f/"n ^ llnll 



We still have to handle the Holder norm. Consider two points x, y in the same element of partition 
of the basis Aq. Let Xp and i/p be their preimages, in sets Ap as above. Then 



In the first sum, | J^^^Xp)] ^ C/iA(^p) and |u(xp) - u{yp)\ ^ r'^^'y)+rpe^'^P Hence 



|w(yp)l- 



V I j(")(xp)||M(xp) - M(yp)| ^ Cr^(-'^) [ r*"e"" ^ c'^v^^"'*') 



by Lemma ITTHl 

In the second sum, |J^"Hxp)| ^ CfiA{Ap) and 1- 
bounded by (fTK| . Using these inequalities, we get 



J(")(a;p) 



^ Cr^(^'S') by (Uni). Moreover, |m(?/p)| is 



J(")( 



\u\ 



by Lemma Eni 

To sum up, we have proved that, when x and y belong to the same partition element of the basis, 



|[/"m(x) - [/"«(?/) I 



^ ce''\\u\\i + c\\u\\L,. 
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Let now x and y belong to the same element of the partition, with k = uj{x) < n. Let x' and y' be 
their projection in the basis. Then 



^s{x,y) js(x',y') 



Assume finally that k ^ n. Let x' = U^^x and y' = U~^y. Then 

^_,k \U''u{x)-U''u{y)\ _,(fc_„) KxO-My^ ^ nn ,|| 

e 7 — r = e e ^ ' , , m 

^s(a;,j/) ^s(x',y') II IK 

Summing up these equations, we get Hf/^-uH^ ^ CO" \\u\\i + C This concludes the proof of the 

proposition. □ 

Let g be the locally Holder function for which we want to prove a limit theorem. It is possible that 
g ^H, since is not necessarily finite. 

Define a perturbed transfer operator, a la Nagaev, by Ut{u) = ?7(e'*^M). 

Proposition 3.7. There exist constants C > and 9 < 1 such that, for all t G [—1, 1], for all u eH, 

for all n eN, 

\\U]}u\\ ^ ||n|| 
This proposition contains Proposition 13.51 as a special case, for t = 0. 

Proof Let x E A. Then U]}u{x) = '£u-y=x ^'^^"^^^^ ^''''KyMy) ^ whence \UM^)\ ^ U^'luHx). The 
bound on |lf/"|M||| thus implies the required bound on l|f/fM|| . 

I|ii|lm ^ ll'^llm 

For the Holder norm, take x and y two points in the same element of partition. Then, with the 
notations of the proof of Proposition 13.51 



J2 iJ^'^Hx.Hx,) - J^''\yMyp)\ + E le'"'"'^'"^ - e'''"'^y-^\J^''\xp)\u{xp)\. 



The first sum has already been estimated in the proof of Proposition 13.51 For the second one, 
^^its„gixp) _ gjts„c/(s/p)| ^ ^(j^s{x,y)_ Heucc, Proposition 13.51 implies that 

\\Utu\\ ^ C{n + 1)9'' \\u\\ + C{n + 1) . 

Choose > such that 9 := C{N + 1)6'^ < 1. Iterating the equation \\U^u\\ ^ 9 \\u\\ + C 
(and using the fact that ||?7/^m||^i ^ we get 

II t II ^ II II II IlLi 

This implies the conclusion of the proposition, for the constant 9^^^ < 1. □ 
Lemma 3.8. When t 0, \\Ut - f/||w^L3 = 0(1^1^/^). 
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Proof. For u G H, {Ut — U)u = f/((e**^ — l)u). The transfer operator U is a contraction in every 
space, and in particular in L^. Hence, 

\\{Ut - U)u\\^, ^ ||(e^*^ - 1)m||^3 ^ ||e**' - l||^e IWhe • 

Note that 11 ^ C IImII- Hence, ||f/f — f/||7i^L3 — 0(||e**^ — lH^e)- To estimate this quantity, choose 
C > such that, for all x E R, |e"' - 1| ^ C\x\^/^ Then / |e**^ - ^ C f \tg\ = 0{\t\). Hence, 



3.3.2 Definition of A^, first estimates 

By Proposition 13.51 and Hennion's Theorem |Hen93j . the operator U : H ^ H is quasicompact: 
outside of the disk {\z\ ^ 6}, its spectrum is composed of discrete eigenvalues of finite multiplicity. 
In particular, by ergodicity, 1 is a simple isolated eigenvalue of U, with multiplicity one (and the 
corresponding eigenfunction is the constant function 1). 

Lemma EiHl is not a continuity statement in TC. However, the operators U and Ut satisfy a uniform 
Lasota-Yorke inequality between TC and L^, by Proposition 13.71 fand the fact that \\u\\j^i ^ ||w||^3). 
Hence, we can apply the abstract results of |KL99| Corollary 1] (following ideas of |BY93j ). We get 
the following: 

For small enough t, Ut has a unique eigenvalue Xt close to 1, and it satisfies \Xt — 1| = 0(|t|^/^°). 
Let Pt be the corresponding spectral projection. Then ||-P<||7^ ^ is bounded when t ^ 0. Moreover, 
\\Pt-Po\\n^L. = 0{\t\y''). 

Remark 3.9. Here, 1/10 could be replaced by any exponent < 1/6, but any positive exponent would 
be sufficient for our purposes. 



Let Wt := Pfl, and write Wt = j^. Then Wt is bounded in H and 

\\wt-l\\^s = 0{\t\'/''). (22) 

Lemma 3.10. Whent^O, 

Xt = l-^-J l\g\^i/\t\g''wt + it j gwt + o{t^L{l/\t\)). (23) 

Proof. By definition, Utiwt) = XtWt. Integrating, we get 

Xt= [ e^'^wt. (24) 



We want to use Lemma IX2l to estimate this integral. However, this lemma applies only to bounded 
functions. Hence, we will have to modify Wt. 

Take x G A with uj{x) > 0, and let x' = U^^{x). The equation UtWt = XtWt implies that 
e^^9{x ^Wt{x') = XtWt{x). Hence, |u't(a;)| = |Af|^"'^|wt(a;')|. Since Wt is uniformly bounded on the 
basis of the tower (since it is bounded in H), we get 

\wt{x)\ ^ ClXtr'^^^l (25) 
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Define a function w[ by w[{x) = Wt{x) if to{x) ^ \t\ and w[{x) = otherwise. Since At 
1 + 0(|t|^/^°), implies that w'-j. is uniformly bounded. 

Lemma l!0 applied to w'^ gives 



Let us show that this equation is also satisfied by w" := Wt — w[. First, 



(26) 



^ 2 



n « OO 

/ \wt\^2 {I + C\t\^'^y C V p"(l + C|t|^/^°)". 



/a;>|t|-i/iO 



n=|t|-i/iO 



When t is small enough, p(l+C|t|i/iO) < < 1. Hence, |/(e^*^'-lX| < Cpl*l '^'"/^ _ o(t2^(i/|t|)). 
In the same way, |/ gw'l\ ^ ||5'||j^3/2 H'W^t'll^a and Hw^H^s decays stretched exponentially, whence it is 
o{t^L{l/\t\)). Finally, 



^ ^ / = 0(/^'""'"^Vt') = o{eL{ll\t\)). 



Hence, (f26|) holds also for w'l. We get 

j (e^*3 _ 1 _ ^tg)y,^ = J^j l\g\^„\,\g^wt + o(t^L(l/|t|)). 

Since / e^^^Wt = Xt and f Wt = I, this gives the conclusion of the lemma. 
Corollary 3.11. We have K = I + 0{\t\^^/^^). 



□ 



Proof. In the proof of the previous lemma, we have proved that /^->|t|-i/io hgKi/\t\9'^'^t = 0{t). 
Moreover, on {uj ^ |^|~^^^°}, the function Wt is uniformly bounded. Hence, /^<|t|-i/io ^ 
Cjl\g\^i/\t\g'-^CL{l/\t\). Hence, 



\Km\9'^t = 0{L{l/\t\)). 



Moreover, by (f22|l and our assumption J g = 0, 



gwt 



9{wt - 1; 



This proves that, in the right side is 1 + 0(|t|^^/^°). 



□ 



3.3.3 Estimates on the basis 

To proceed, we will need to know that Wt is constant on the basis up to 0{t). We already know that 
\\wt — '^Wiz = 0(|t|^/^°), but this is not sufficient to estimate precisely the terms in (f23|l . To get such 
an estimate, we will need real continuity, and not only the weak continuity given by Keller-Liverani's 
theorem. This will be achieved by working directly on the basis. The goal of this paragraph is to 
prove Lemma Til 5[ 
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Let Uq be the map induced by U on the basis Aq of the tower. Denote by (p the first return time to 
the basis, so that Uo{x) = f/'^(^)(x). 

Let us consider the space Ho of Holder functions m : Aq — ^ C on the basis, and define an operator 
Rn '■ Ho Ho by Rnu{x) = J^"'\y)u{y) , where the sum is restricted to those y E Ao with return 
time ip{y) = n, and = x. Set also Rn{t){u) = Rnie'-^^^^u). 

Lemma 3.12. There exist C > and 9 < 1 such that, for all n E N and all t G [—1, 1], ^ 
Cr and \\Rnit) - Rn\\ ^ C0"|t|. 

Proof. The map Uo is Gibbs-Markov on Aq. Hence, |Goufl4[ Lemma 3.2] proves that ||-Rn|| ^ 
CfiAiv = n) and |(;oun4[ Lemma 3.5] yields ||i?„(t) - Rn\\ < C\t\nfiA{v = n) + C J^^^ |e**^"3 _ i|_ 

Since /iA(v^ = n) = 0{p"'), we get in particular ||-Rn|| ^ Cp", which decays exponentially. Moreover, 
on {if = n}, \Sng\'/^ ^ n'^^J2lZl\g oU'^l^/^ whence J^^JSn9\''^^ ^ n'^^ J^\gf/^ = 0(^1/2). 
Consequently, 

||i?„(t)-i?„|| ^C\t\np'' + C J l^=n\t\\Sn9\ ^ C\t\np^ + C\t\\\l^=^S^^g\\^,/, |lV=nL3, 

which decays also exponentially. □ 

For \z\ < 9~^, it is possible to define R{z,t) := Y^z'^R^it). The operator i?(l,0) is the transfer oper- 
ator associated to Uo- It has a simple isolated eigenvalue at 1, and the corresponding eigenfunction 
is the constant function 1. Hence, for close enough to (1,0), R{z,t) has a unique eigenvalue 
X{z, t) close to 1. 

Lemma 3.13. We have \\R{z,t) - i?(l,0)|| = 0{\t\ + \z - 1|). 

Proof We have R{z,t) - R{l,t) = ^(z*^ - l)Rn{t). Moreover, if \z\ ^ 0-^/'^, - 1| ^ 1^ - 
1| Efc=J kl'' ^ C\z - \\Q-''l'^. Hence, 

oo oo ^ 

\\Riz,t) - R{i, t)\\<:J2 - 1| WRnim ^c\z-i\J2 o-'^'^e- < 13^1^ - II 



n=0 71=0 

Moreover, 



oo oo ^ 

\\R{i,t) - R{i,o)\\ ^ Yl - ^-11 ^ Zl^i^i^" ^ r^i^i- ° 

n=0 n=0 

Lemma 3.14. We have R{X'[^,t){l/^^^Wt) = Iao^*- 

Proof. Let x G Aq, let {xp} be the set of its preimages under U, at respective heights Up, and let 
x'p be the projection of Xp in the basis. Since UtWt = XtWt, we have XtWt{x) = ^ e**^*^^p^ J(xp)wt(xp). 
Moreover, for any y E A with uj{y) > 0, we have XtWtiy) = e**^*^^ ^^^WtiU^^y). Hence, X^^Wtixp) = 
e'-^s^p9i^'p)wt{x'p). We get 



Wt[X) 



J2 X~'^'-\j^^^+^\x'p)e'''^-^+^'^'''^^Wt{Xp). (27) 



The points x',p are exactly the preimages of x under [/q, and the corresponding return time for U is 
ujp + l. Hence, (|?7jl gives the conclusion of the lemma. □ 
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We have all the necessary tools to prove the main result of this paragraph: 

Lemma 3.15. For t E [—1, 1], there exists c{t) E C such that \\lAo{'^t — = 0{t). Moreover, 

c{t) — >• 1 when t —>■ 0. 

Proof. Lemma 13.141 proves that A(A^^,t) = 1, and the corresponding eigenfunction is Iaq^*- Let Qt 
be the eigenprojection oi R{X^^ ,t) corresponding to the eigenvalue 1. It satisfies 

WQt - QoW = 0{\\R{Xi\ t) - R{1, 0)11) = 0{\X;' - 1| + |t|) = 0{\t\) 

by Lemma [3 .LSI and Corollarv l3.111 Let bt = Qt^Ao- As bo = Ia,,, h satisfies \\bt — IaqII = 0(t). In 
particular, bt —>■ Iaq in L^- 

The function bt is proportional to Wt on the basis Aq. Hence, there exists a scalar c{t) such that 
Iao^* = c{t)bt- Since Wt goes to 1 in when t —>■ 0, we get 

, . _ J lApWt /^a(Ao) _ 
Ih I bo 

Finally, 

||1ao(^* - c(t))|L = m\ \\bt - bo\L = 0{t). □ 

3.3.4 Proof of Theorem lOl when / Q = 

Let the function G be given by G{x) = Ylk=o ^ diU^'^Q^)^ cis in Theorem 13.41 
Lemma 3.16. Whent-^0, 

Xt = l-{1 + 0(1))^ I l|,|^i/|.|<7V*^ + ^t{l + 0(1)) I ge^'^ + o{t'L{l/\t\)). (28) 

Proof. We will start from (|23|) and show that we can replace Wt by e***^. 

We have Wt{x) = Aj '^''^■'e***^'^^^Wt(7rox). Hence, by Corollary EHU and Lemma Til 51 

\wt{x) - c(t)e^*^(^)| = IXr^^^WtiTTox) - c{t)\ ^ |A7"^"^ - l\\wti7Tox)\ + \wt{nox) - c{t)\ 

^ [{1 + C|t|ii/iO)-(") -1]C + C\t\ ^ cu(x)C|t|"/^°(l + C|t|"/^°)"(") + C\t\. 

Fix 6 > large enough. For uj{x) ^ 61og(l/|t|), we obtain \wt{x) — c{t)e^*'^^^^\ ^ C\t\. For uj{x) ^ 
61og(l/|t|) and small enough t, we also get \wt{x) — c(t)e***^*^^'^ | ^ p-'^(^)/'^. 

Hence, 

Joj^blogil/\t\) Ja;^61og(l/|t|) iog(l/|t|) 

if 6 is large enough. Moreover, 

/ Ms\<im9'\wt - c(t)e^*«| ^C\t\ [ li,i^i/it\g' = C\t\L{l/\t\). 

20 



Hence, 

' l\g\^i/\t\g'wt = c{t) j l|,|^i/|,|^?2e^*^ + 0(1) = (1 + o(l)) j l|,|^i/|,|(72e^*G ^ ^^^y (39) 
In the same way, 

/ \g\\wt-c{t)e''''\ ^ lkll3/2 II Wiog(i/|i|) ki-c(t)e**^| 11^3 = 0(t) 

Juj^b\og(l/\t\) 

if h is large enough. Moreover, 

|^7|K-c(t)e^*^U / \g\C\t\ = 0{t). 



lw4b\og{l/\t\) 

We get 



j gwt = c{t) J ge^'"" + 0{t) = (1 + o(l)) ^ ^?e^*^ + 0(t). 



(30) 



Equations dSHI) and ^ together with ^ imply □ 

Remark 3.17. The proof of the lemma also shows that, in ([SHI), it is sufficient to integrate on 
{uj{x) ^ 61og(l/|t|)} if h is large enough, since the remaining part is in o{t^ L{1 / \t\)) . 

The following lemma will use the additional assumptions that / is slowly varying and /(xlnx) ~ /(x), 
L{x In x) ~ L{x). 

Lemma 3.18. We have 

'"lMWe^'^ = ^(l/|t|)(l + o(l)). (31) 



Proof. It is sufficient to prove (pTTll on {u ^ 61og(l/|t|)}, since the remaining part can be ignored. 
Take some e > 0, we will prove that 

/ \\^„\t\g^\e''' -l\^2eL{l/\t\) (32) 

Jui^b\og{l/\t\) 

when t is small enough. This will be sufficient to conclude the proof. 

Let At := {x \ uj{x) ^ 61og(l/|t|), |G'(a;)| ^ if x G A, there exists y below x in the tower such 

that \g{y)\ ^ ^^i^^i^. Let B = [x \ \g{x)\ ^ ^61^^17^}, we get /iA(A) < h\og{l/\t\)ii^{B). 

Let Z he a random variable on M with the distribution of g. Then 
1 



^ \z\ ^ i/\t\ = |t|^iog(i/|t|)^/ uM„^n/ui^. - mm) 



and 



|t|iog(i/|t|)2 "7 " \\t\\og{i/\t\y 

= |triog(l/|t|)^/(l/|t|)(l + o(l)) 



( 1.1 . ^ Mog(l/,,)a!^!i^. ^^.^ 

log(l/|t|)3 



£2 



-/(l/|t|)(l + o(l)). 
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Hence, if t is small enough, /iA(A) ^ P ( |f|iog(i/|t|)^ ^ 1^1 ^ Vl^l 
We would like to estimate /^^ l\g\^i/\t\g'^. Now 



On the one hand 



* |i|log{l/|t|)^ 

and on the other hand, by applying the above bounds we get 



^ |t|21og(l/|t|)4^(|t|log(l/|t|P ^'^'^^/'^') 



|t|log{l/lt|)- 



Thus we need to deal with the integral 

\t\log(l/\t\)2 

which is equal to 

um) - L (^i^^^T/^) = Lm\) - L{i/mi + o(i)) = oiLii/m. 

Hence, for small enough t, we get 

/ l\,\^y\,\g'\e^'''-l\^eL{l/\t\). 

J At 

On Bt := {x I uj{x) ^ 61og(l/|t|), x ^ At}, we have |e^*^(^) - 1| ^ I^II^WI ^ Hence, 

MoKm\9'\e'''' - l\ ^ e j \\^y\t\9' = eL{l/\t\). 

These two equations imply (f32|) . This concludes the proof. □ 
Since J g = 0, Lemma l!H 61 gives 

A, = 1 - + 0(1)) + (1 + o{m J ge^'"^ 

= 1 - + 0(1)) + (1 + aim I g{e^'^ - 1) 

= l-^^i(l/N)(l + o(l)), 
since / (/(e**"^ ~ 1) = + o(l))t-^v(l/|t|) by assumption. 

This asymptotic expansion readily implies the conclusion of Theorem 13. 4L for g such that J g = 0. 
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3.3.5 Proof of Theorem 13.41 in the general case 



Let g : A —> M belong to Lp{A) for any p < 2 (this is in particular the case if g satisfies the 
assumptions of Theorem 13 ■4|] . Set G{x) = ^'^^q'^ giW'iTQx). 

Lemma 3.19. For any p < 2, the function G belongs to L^(A). 

Proof. For x G A, let ^p{x) be its return time to the basis. Set also iplx) = ip{7CQx), where tcq is the 
projection on the basis of the tower. 

We have 



Lu(x)—1 



k=0 



iL!{x) — l 

^u{xy~' J2 \g{u'n,x)\p. 



k=0 



Changing variables, we get 

f \g{y)\^ J2 ^iu'yr'^ I \g{y)myr. 

k=l ^ 



Since the tower has exponentially small tails, the function ip belongs to L'^ for any q < oo. Using the 
Holder inequality with a sufficiently large q, we obtain / [(^(x)!^ < cxd. □ 

Let g' be another function on A. Define also G'{x) = Ylk=o ^ g'iU'^'^ox)- 
Lemma 3.20. if g — g' is bounded, then 

' g'{e''^' -l) + 0{t) 



when t 0. 



Proof. We have 



g^e^tG _ 1) _ / g'^e^tG' _ 1) ^ / _ gr^^^UG' _ 1) + / g^e^tG _ ^ 



i\(JtG' 



AtG JtG'y 



Since g — g' is bounded, the first integral satisfies 



{g - gW'""' - I) 



^ G\t\ J \G'\ 



which is 0(t) since G' is integrable by Lemma IT?. 191 For the second integral, \G{x) — G'{x) \ ^ Glj{x). 
Hence, 



g(^e'tG _ ^UG'^^ 



^ / \g\G\t\Lj ^ G\t\ \\g\ 



0{t). 



□ 



Proof of Theorem \3.4\ Let g satisfy the assumptions of Theorem 13.41 Write g' = g — f g. Then g' is 
still in the nonstandard domain of attraction of the normal law, and its distribution functions /' and 
L' satisfy /' ~ / and L' ~ L. Moreover, 



(7V*^'-l) = (a + o(l))^tL(l/|t|)), 
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since g satisfies the same estimate and Lemma EHH applies. 

We have already proved Theorem 13.41 for functions of zero integral. This applies to g\ and gives 
^ — > A/'(0, 1). Since Sng' = Sng — n J g, this concludes the proof. □ 

Remark 3.21. Lemmas l3 . 1 91 and 13 . 201 do not involve the dynamics of the returns to the basis. Hence, 
they also hold in hyperbolic Young towers. 



4 Estimate of the integral in the stadium billiard 

Let us turn back to the study of the stadium. We will use the notations of the first two sections. In 
particular, starting from a fixed function /o : Xq — > M satisfying (-P1), we have obtained a function 
(yf : A — > M. According to Theorem 13. 4L if we want to obtain a limit theorem for g, the quantity to 
be estimated is / g{e^^'^ — 1). The main result of this section is the following proposition. 

Proposition 4.1. Let y = YTTk^? '^^^ recall the definition of I from |H). We have 
I ^7(e^*^ - l)d/iA = /'^^~^^^' tlog(l/|t|) + o(tlog(l/|t|)). 

Our proof approximates the left hand side with an integral explicitly given in the phase space of the 
stadium. This later integral can be estimated with sufficient precision due to the geometric properties 
of the billiard map. 



4.1 Preliminary estimates 

First we show that the relevant expression can be pulled back to the hyperbolic Young tower. Let 
uj{x) be the height of the point x in A, and let ttq : A — > Aq be the projection on the basis. We 
define two functions F and G on A by F[x) = Ylt=o ^ fiU'^^ox) and G{x) = ^fci^J ^ 9{U^^o^)- 

Lemma 4.2. We have 

itG 1 \ _ / ftJtF 



g{e''^-l)= / /(e^*^ -l) + 0(t). 

A J A 

Proof. As (vrA)*(/iA) = /^A, X\fi'(6**'^ ~ 1) = /a^?(^**'^ ~ 1) automatically. As (7 — / is bounded by 
Lemma f2.4| Lemma [3.201 implies the statement. □ 

Note that F is essentially a Birkhoff sum of / for the inverse map T^^ . Thus, if we switch from T 
to T~^, we may investigate our integral by dynamical tools. 

For all a; G X, let h{x) = f{T~^x). Introduce h = h o vr^. For x G A with uj{x) > 0, let 
H{x) = YX=l^^ h{U~^x), or equivalently, H{x) = FilJ-^x). We fix H{x) = on Aq. 

Lemma 4.3. We have 

' f{e''^ - 1) = / He'''' - 1) + 0{t). 
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Proof. We have h o U = f, and, apart from U ^(Aq), H o U = F. Thus, 

/i(e'*^ - 1) - / f{e''^ - 1) = [ho f/(e'*^°^ - 1) - / /(e'*^ - 1) 



/_ [/i o U{e''^°^ - 1) - /(e^*-^ - 1 



As is bounded on the rectangle R that defines the basis of the tower, the functions hoJJ and / are 
bounded on f7~^(Ao). By Lemma Til 91 F and H are both integrable. This completes the proof. □ 

We will consider as the first return map of Tq~^ to the subspace X. The return time is if- = 

4.2 Geometric properties of in the vicinity of its singularities 

The behavior of / h{e^^^ — 1) is governed by the dynamical properties of at those parts of the 
phase space where it is equivalent to a long series of bounces along the parallel segments of the 
boundary. These sets have the following structure: the points for which acts as n consecutive 
bounces on the segments form two stripes of slope approximately —1. maps these two cells onto 
two stripes of positive slope. The geometry is described on the figure below. 




More precisely, this figure appears four times in X (twice in both of the parallelograms that define 
X). The transformation jumps from one such region to another, however, they play the same 
dynamical role. Thus, to simplify matters, we pretend as if we had only one of them. 

Recall that = o T^^ is the return time of Tq"^ to X. As a further notational simplification we 
ignore that there are two stripes on which = n}. Let M„ stand for the stripe {v?- = n}, which 
will be also referred to as the set of points of return time n. 

Later on we shall see that the other type of singularities (corresponding to trajectories sliding along 
the semi-circle) does not play any role in the leading term behavior of / /i(e**^ ~ !)• 

Remark 4.4. We need to study the map and not T. These two are not isomorphic, as X is 
the set of points on a semi-circle for which the previous collision is not on that semi-circle. This 
definition introduces an asymmetry of past and future. The map is, however, isomorphic to the 
map induced on the set of points on a semi-circle for which the next collision is on another semi-circle. 
This later induced map has been studied by Markarian in |Marn4| . where he, in particular, has shown 
that it satisfies Chernov's axioms from |Che99i| . 



25 



Fix p < 1 such that the tails of the original Young tower are bounded by cp*^, and K > such that 
iiriog(p"^) > 4. In what follows we essentially consider curves with tangent vectors in the unstable 
cone of T"^ (u-curves of for short). 

Definition 4.5. Consider the stripe Mn and its two sides of slope —1. A good curve C of return time 
n is aC^ curve that connects these two sides. We put further requirements on the slope ofC: it should 
belong to the interval [1/4,4] for all points and it should he constant up to l/y/n precision (i.e., for 
all points x and y in C, the slopes of C at x and y, s{x) and s{y), should satisfy \s{x) — s{y)\ ^ '^)- 

Remark 4.6. Note that our requirement on the slope in not a curvature bound. Stated in this form, 
it is not hard to see that good curves tend to have more and more constant slopes when iterated 
by T~^. To see this consider a good curve with large return time n and iterate it backwards by 
the billiard flow. Just before collision it corresponds to a dispersing wavefront that defocuses within 
flnite time and, while experiencing many bounces with the straight walls, loses most of its curvature. 
At the time moment just after the previous collision on the other semi-circle, this wavefront is flat 
up to 1/n. Thus, any subcurve C C T~^C is automatically a good curve if it connects the two long 
sides of a stripe. 

Definition 4.7. A standard curve is defined as a good curve of constant slope 1. In particular, it is 
a segment. 

The choice of 1 as the slope for standard curves is arbitrary. More important is the fact that the 
standard curves of return time n give a fixed foliation for (most of) the stripe M„. 

If C is a good curve of return time n, any point of T~^(C) has return time at least n/3 — Ci and at 
most 3n + Ci for some constant Ci. Furthermore, there exists a constant C2 G N such that for any 
i G [n/3 + C2, 3n — C2], the set T^^(C) fl {ip^ = i} is a good curve of return time i (see Remark Hj 
Let us denote Cj = {x G C | ip-{T^^x) = i}. We also have 



Leb (C\ U»e[n/3+C2,3n~C2] ^i) C 



Leb(C) ^ n ^^^^ 

for a universal constant C . We will say that the set C\ [J^gj^/g^j^^ 3n-C2] ^« thrown away at the first 
iterate of C. Formula (|33|) shows that the points which are thrown away have negligible measure. 

Remark 4.8. In addition to the above observations, it is possible to estimate the transition proba- 
bilities from one stripe to the other in the following sense. There exists a sequence that tends to 
as n ^ 00, such that for any good curve C of return time n, and for any i G [n/3 + C2, 3n — C2], 

n _ Leb{x G C I y_(T'^(x)) = i} 3n 

^ ^"^8^2^ Leb(C) ^8z2^+"^- ^ ^ 



This can be verified by direct calculation. In other words, we go from n to z asymptotically with 
probability § (note that Y.T=-%\c, t ^ !)• 



Applying the above process several times, we may iterate the good curves by and obtain finer 
and finer partitions of C. A sequence of integers no,ni, . . . ,nfc is referred to as admissible if, for all 
i < k, nj+i G [nj/3 + C2,Sni — C2]. Given a good curve of return time no, C, and an admissible 
sequence no, . . . , n^, let 

Cno,...,nk = {X eC \ Wi ^ k,(p^{T'''x) = Hi}. 

This is a subcurve of C mapped by T~'^ onto a good curve of return time n^. 
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Lemma 4.9. There exists a constant C > such that, for any pair of good curves of the same return 
time uq, C and C , and for any fixed admissible sequence n^, . . . , Uk, we have 

Q-i ^ Leb(C„p^.,.^„^.) ^ ^ 

Proof. This follows from the uniform expansion and the bounded distortion properties of along 
its u-curves. □ 

In what follows, when we talk about iterating a good curve, we will always mean the above process 
of refinement, along with throwing away some part at each step. However, the number of iterations 
may depend on the point of C we are considering. This is formulated in the following definition. 

Definition 4.10. Let C be a good curve of return time n. Let furthermore A be a subset of C and 
T : C\A N. Then {A, r) is a stopping time on C if 

• There exists p E N such that 3^~^^ < Uq, with the following property: all the connected compo- 
nents of C\A are of the form CnQ,...,nk! where Uq = n, the sequence Uq, . . . , is admissible, and 
rik G [3^, 3^^^ — 1] . Furthermore, r is uniformly equal to k on such a component. 

• We have Leb(A)/ Leb(C) ^ 1/2. 

Here typically 3^ <ti n, thus we stop at the first occasion when the return time decreases below a 
certain level. 

Remark 4.11. If {A,r) is a stopping time on C, then 

1 ^ Leh{C\A) ^ 

2 ^ Leb(C) ^ ■ 

Thus in our estimates Leb(C\y4) and Leb(C) may be replaced with each other. We will often use this 
without giving further details. 

Let us define, in particular, the standard stopping time for a good curve C of return time n. Let p be 
the integer for which 3^ ^ n^/^ < 3^"*'^. We partition C, iterate T~^ and throw away the negligible 
parts according to the process described above. We go on iterating until either the return time of 
the image belongs to the interval [3^,3^+^ ~ l]i or the number of iterates exceeds Klogn. Thus we 
put into A, on the one hand, the points thrown away during this process, and, on the other hand, 
the intervals for which the return time does not reach [3^,3^^^ — 1] before i^'logn iterations. On all 
other intervals we define r as the first occasion when the return time belongs to [3^, 3^+^ — 1]. 

Proposition 4.12. The standard stopping time {A,t) defined this way is indeed a stopping time if 
n is large enough. Furthermore, Leb(74)/ Leb(C) ^ n^^^^ . 

Proof. The only non-trivial condition to be verified is Leb(y4)/ Leb(C) ^ n~^^^. 

Let us first estimate the measure of points thrown away during the refinement process. We will 
denote this set hy Ao{c A (Z C) . 

No matter which phase of the iteration we consider, the return time is ^ n^/"^, thus, according to (|33|) . 
the points thrown away occupy at most a Cn~^^^ proportion of the considered interval. Hence, by 
bounded distortion, the proportion of Aq in C is at most Cn~^/^K\ogn ^ n~^^^ for n large enough. 
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It remains to be shown that the overall measure of the intervals that do not reach [3^, 3^+^ — 1] before 
Klogn iterations is small. We have C = Aq U [JCi, where each Ci is of the form Cno,...,nk for some 
admissible sequence uq, . . . ,nk, with k ^ i^logn, and Uk < 3^+^ whenever k < [i^ log raj. Thus it 
is enough to estimate the measure of Cj-s with = k = log n\ . Let C be one of our standard 
curves of return time n. We apply the same construction to C, and get a similar decomposition 
C = A'q U UQ- Furthermore, by LemmagSl ^ C. 

Recall that the standard curves of return time n foliate the major part M/^ of the stripe M„ (where 
//(M4)//i(M„) = 1 + 0{l/n)). For a fixed i = {no, . . . , Uk) consider Bi the subset of the stripe M„ 
that corresponds to the union of such C--s for all the standard curves of return time n. As the density 
of /i on M„ is bounded away from 0, we get ^^^(^^ ^ ^jl(M^- ^^-^ ^ union of all -Bj-s with 

Ti = [i^lognj. When pulled back to the Young tower, the preimages of the points of B are all at 
height at least logn. As ^T*xi^J'A) = 1^-, we get /i(-B) ^ Cp^^"^"^ = 0(l/n^) by our choice of K. As 
IJi{M'^) ~ C/n^, we may put all these estimates together to conclude that 

This completes the proof of the proposition. □ 



In the next proposition we consider standard curves C and use the notation {Aq, tq) for their standard 
stopping times. We define a subset of the phase space, a suitable union of subcurves of standard 
curves, as y = \J^{C\Ac). We also consider the Birkhoff sum of h with respect to up to standard 
stopping time, i.e., we fix H{x) = ^^=1'' ^ h{T^^x) for x G F. 

Proposition 4.13. We have 

' h{e''^ - 1) = / ^(e'*^ - 1) + Oit). 

A Jy 



This proposition plays a central role as it allows us to investigate, instead of /i(e**^ — 1) (a quantity 
that depends a priori on the choice of the Young tower), an expression which is much easier to handle, 
as it is completely explicitly given in terms of the phase space geometry. 

Proof. Let us show first that 

/_ /i(e**^ - 1) = / He'''' - 1) + 0{t). (35) 

Consider A = X\Y. The set A consists of two parts. It contains, on the one hand, the points that 
are not covered by standard curves and, on the other hand, those contained in Ac for some standard 
curve C. These two sets will be referred to as Ai and A2, respectively. 

We cover the set Ai fl {^p^ = n} by two further sets, the first one containing points that slide 
along a semi-circle (of return time n, this is of measure 0(1/^'')), and secondly the part of M„ 
not covered by standard curves, this later having measure O^l/n"^) as well. Altogether we have 
p{A,n{^_=n})=0{l/n^). 

According to Proposition l4.121 we have Leb(74c)/ Leb(C) ^ n~^^^ whenever n, the return time for C, is 
large enough. Integrating on the relevant standard curves we obtain /x(A2n{(^_ = n}) = 0{l/n^+^/^). 
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Altogether we have 

/i(v4 n {<^_ = n}) = 0(1/72=^+^/^). (36) 

For any l/p + 1/q = 1 we have 

Recall from Lemma Til 91 that the function H belongs to L*^ for any q < 2, while implies that 
/ (l7r"^(A)l^l)^5 being equal to is finite for p < 2 + 1/5. We can thus take p = 2 + 1/10 and 

g = (1 - l/p)~S to obtain 

Now, to complete the proof, we need to show that 

itH 1 \ _ / Z{ JtH on X 



h{e''^ - 1) = / /i(e**''°"^ - 1) + 0{t). (37) 

Consider Cj, a connected component of C\Ac, where C is a standard curve of return time n. Then 
the stopping time on Cj is an integer Tj < K\ogn such that = T~'^'-{Ci) is a good curve, with 
return time in the interval [n^/^/3, 3n^/'^]. 

Lemma 4.14. There exists a constant C such that, for any large enough integer n, given any good 
curve V of return time G [r;,^/^/3, 3r;,^/^], the points for which the return time increases above n^/"^ 
within K\ogn iterations ofT^^ occupy relative measure less than Cn~^/^ in V. 



Proof. The map T ^ satisfies Chernov's axioms, by |Ma,rn4| . Consequently, we can use |(yhe99| 
Theorem 3.1], with 5 = ZyV^V.^]-^/" /n^/" . This theorem is in fact stated for LUMs, but its proof 
can be straightforwardly adapted to deal with manifolds close to the unstable direction. 

We obtain a decreasing sequence D Wl D ■ ■ ■ D W^|Viognj °f subsets oiV such that, if we denote 
by Sing the set of singularities of T~^, 

Vc> 0, VO ^ p < iflogn, Leb{x G \ dist(r-*'x, Sing) ^ cn"^} ^ Ccn-^ (38) 

(by Equation (3.3) in |(^he99| V and 

VO ^ j9 ^ is: logn, l.eh{Wl\Wl^^) ^ ^ Leb(r') (39) 
(By (iv), (3.5) in |(]he99| and our choice of 5). 

Note that the results of |(]he99| imply that holds for the distance measured in the p-metric. 
However, we are in a region of X where cos 6' is bounded away from 0, and the stable and unstable 
cones are bounded away from the vertical direction by Proposition 12.11 Hence, it is equivalent to 
have (f38|) for the p-distance or for the usual distance. 

If T~P{x) has a return time ^ n^^^, then T'^x is at a distance at most Cn~^ of Sing. Hence, the 
point X belongs to one of the sets whose measure is bounded in (f38|l and (f39|l . This gives a measure 
at most Clognn"^. Since Leb(P) ^ Cn-i/^ this proves the lemma. □ 

This lemma applies to Vi. Let us write Ci = C} U , where Cf corresponds to points which go to "Dj, 
and then reach a return time > n}/"^ in a time shorter than i^'logn. It satisfies Leb(Cf)/ Leb(Ci) ^ 
Cn"^/"^ by Lemma mUl 
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Let Yi = \JC} and Y2 = [jCf. Since //(Fs n = n}) = 0{l/n^+^/^), the proof of dSSJ applies and 
gives 

h{e''^ - 1) = 0(t); / /i(e^*^°"^ - 1) = 0(t). 



Remark 4.15. Note that H o tcx belongs to L'^ for any g < 2 as it is smaller than a function to 
which Lemma f3. 191 applies. 

Hence, it is sufficient to prove (nTZjl on 7r^^(Fi). Let us write 7i^^(Yi) = Z\V} Z2 where 

= {a; G 7r^^(Fi) | < inog((/?_(7rxx))} 

and Z2 = 7r]^\Yi)\Zi. For n > 0, 

/i^{a; G ^2 I (y9_(7rxa;) = ^ /^a{^ ^ A,co'(x) ^ i^logn} = 0{l/n'^). 
Hence, we get once again J^^ h{e^^^ — 1) = 0{t) and j^^ h{e^^^°'^^ — 1) = 0{t). 

On ZiPi{ip_oTTx = n}, the functions H and Honx diff'er by at most ||/oiloo Klognn^^^ (corresponding 
to at most Klogn iterations with a return time < ra^/^). Hence, 

h{e''^ - 1) - h{e''^°^^ - 

Zi 

^\t\ / \h\\H - H oTTxl ^ C\t\y2l^W- = n}n'^ognn^^'^ ^C\t\ 
since /i{v5- = n} = 0(l/n^). This proves (jHTjl . and concludes the proof of Proposition I4.13I □ 

4.3 An upper bound on H 

The aim of this subsection is to estimate the average of the function if on a good curve C of return 
time n. We obtain the following upper bound: 

Proposition 4.16. Let s G [1, 2). Consider a good curve C of return time riQ, and a stopping time 
{A, t) on C. Then 



heh{C\A) 

where the constant C{s) depends only on s. 



^ C{s)nl 



Let us fix some notation first. There is an integer po such that the return time no for our good 
curve C belongs to [3^°, 3^''"''^ ~ !]• By the definition of stopping times, there exists another integer 
Pi < Po such that, for any x G C\A, Lp_{T~'^^^\x)) G [3^% 3^^+^ — 1]. Now consider an intermediate 
p, Pi < p < Po- In the course of the proof first we investigate, in a series of lemmas, what happens 
while the return time descends from [3^, 3^"*"^ — 1] to [3^~^, 3^ — 1]. Then we sum up for pi < p < Po- 
In the first part of the proof the value of p is fixed and n ~ 3^, while in the second part p varies from 
Pi to Po- The value of s G [1,2) is fixed throughout the subsection. 

According to this plan, let us fix p G N large enough. Given x G X, we define the first time 

^ 1 for which ip4T-''x) < 3^, and %{x) = EI=?~^ |v?-(T-'=x)|^ Since \h\ ^ dp^, it is sufficient 
to prove Proposition 14. 161 for h = (p_ to conclude. 

Define -R C X as the union of all standard curves with return time from the interval [3^/2, 3^ — 1]. 
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Lemma 4.17. There exists a constant C such that 



JR 



Proof. Let Ri = {x e R \ <f-{T-^x) < 3^} and R2 = {x e R \ <f-{T-^x) ^ 3^}. On Ri we have 
^p{x) = thus 



jRi 



Let us define ip'{x) = (p^{x) for x with f-{x) ^ 3^ ^ and (p'{x) = otherwise. Note that ^p{x) = 
El=?"'l'^'(^~'a;)|^forxGi?2. 

Consider Z G X , Z := {3^^^ — Ci ^ V9_ < 3^}, and define : Z ^ N as the first return time to Z. 
By Kac's formula, 



Now R2 C Z and for x & R2 we have tz{x) = Tp{x). Thus 

Tz(a;)-1 ^ rz(z)-l 

By Remark (4 .81 ^Ij- = 0{fi{R2))- This completes the proof. □ 



„ n rz{x)-l Tz{x)-1 



If C is a good curve of return time n G [3^,3^"'"^ ~ 1]? Tp defines a stopping time on C, with the 
corresponding thrown- away set that we denote by Ap. To see that it is indeed a stopping time we 
only need to show that Leb(y4p) ^ Leb(C)/2. Now consider the standard stopping time tc with its 
thrown away set Aq. Then Ap C Ac while Leb(Ac) ^ n~^/^Leb(C) by Proposition 14.121 which gives 
the claim. 

The first step in the proof of Proposition 14.161 is the estimate 



Leb(C\Aj, 



^ C3P^ (40) 



for a good curve C with return time n G [3^, 3^+^ ~ !]• To show this, we will relate the average of $p 
on C to its average on R. 

Consider B = [J{C\Ap), where the union is taken over all standard curves of return time from the 
interval [3^,3^+^ - 1]. 

Lemma 4.18. There is a constant C such that, for any good curve C of return time n G [3^, 3^"*"^ — 1], 

Jc\Ap ^ C^^^^ + (41) 



Leb(C\Ap) /i(5) 
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Proof. Let U = {x eC \ <^^{T-^x) ^ 3^}. On C, we have %{x) = \f-{x)\' + lu{x)%{T~^x). To 
prove (IH}, it is enough to show 

Ib 



[ %oT-'^C^Leh{C\A,) 
Jun{c\Ap) 



By bounded distortion, this can be further reduced to 



Leh{T-^{C\Ap) n {v?_ ^ 3^}) 



Let g be the maximal possible return time the points of T ^{C\Ap) have. It satisfies 3^+^ > q ^ 
3P+1 _C2. By Lemma lU 



Leb(T-i(C\Ap) n {(^_ ^ 3P}) n {3? ^ ^ q}) ' 

As g ^ 3P+^ - C2, by Remark ^ Cfi{B n {3^ ^ v'- ^ g}). This implies ^ and completes 
the proof. □ 

Now B is not exactly R, we need to "widen up" the estimate of Lemma 14.171 from to i? to obtain 

(HD- 

Let Bi = Bn{3P ^ifi- < 3P+V2}, B2 = 5n{3P+V2 ^ if - < 3^+^}, ^3 = Bn{3P+^ ^ (fi- < 3^+72} 
and Bi = Bf] {3^+72 ^ y?- < 3^+7. 

Lemma 4.19. There exists a constant C such that, for any good curve C of return time n G 
[3P,3P+V2), 



fi{Bi) ^ Leb(C\Ap)' 

Proof. The curve T~^(C) crosses all stripes of return time between 3^ and 3^+^/2. This allows us to 
apply the argument of Lemma l4. 181 with reversed inequalities. □ 

Lemma 4.20. There exists a constant C such that 

Ib.^ 



f^{B, 



Proof Let C be a standard curve of return time n G [3^/2, 3?^ - 1]. For i G [3^,3^+72), put Ci = 
{x G C,ip_(T~^x) = i} and let Vi be its image by T~^. This is a good curve of return time i and, 
by bounded distortion, 

Iv, ^p ^ ^_ Ic, ^P 



Leh{Vi) Leb(C,)' 
Furthermore, applying Lemma 14.191 to T>i,we get 
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As by Remark (4.81 the good curves Q occupy a fixed proportion of C, we may sum up 

Sb. *, 



Integrating over all standard curves of return time G [3^/2,3^ — 1], we obtain 

We may conclude by Lemma I4.17I □ 
Lemma 4.21. There is a constant C such that for any / = 2, 3, 4, 

f $ 

Proof. As the three cases are essentially identical we give the argument only for one of them, for 
/ = 3, say. The proof is analogous to that of the previous lemma, we only need to apply a bit more 
iterations. Let C be a standard curve with return time from [3^/2, 3^ — 1]. Given i G [3^, 3^^^/2), let 
Ci be the set of points in C the images of which have return time i. For j G [3^+^/2, 3^"*"^), let Cij be 
the set of points in Ci the T~^-images of which have return time j. Finally, for k G [3^+^, 3^"'"^/2), we 
define Cijk analogously. 

By Remark 14. 8L at each step we keep a fixed proportion of the previous set. Thus, there exists a 
constant C such that 

Leb(C) ^ C^Leb(Cijfc). 

Following the lines of the proof of Lemma f4. 191 we may show that given any good curve V of return 
time from the interval [3p+\ 3^+72), we have ^(b^) ^ ^T^^iW)' This applies, in particular, to 
V = T~^{Cijk) and gives 



niBs) Leb(T ^djk) Leh{Cijk)' 

by bounded distortion. We may apply Lemma l4.17| just as we did in the proof of Lemma 14.201 to 
get the desired conclusion. □ 

Lemmas 14.201 W^T\\ and H?T8l altogether imply the bound (|iO|l for any good curve of return time n G 
[3^, 3^"*^^ — 1]. We apply this bound in the second (much easier) step of the proof of Proposition HHH 



Proof of Proposition \Jl^ Recall the notations from the beginning of the subsection: C is a good 



curve of return time no G [3^", 3^°"*"^ — 1], for some large po, and the stopping time r is related to 
another integer pi {po > pi): ^„(T-^(^)(x)) G [3^1, 3^1+^ - 1] for all x G C\A. 

To simplify notation in this proof we define Tp^^+l{x) = for x G C\A. For x G C\A we have 



t{x)-1 po 
k=0 p=pi+l 
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Let pi + 1 ^ p ^ po and x G C\A. Then there is a subcurve Cj C C that contains x and for which 
T~'^p+^(^)(Ci), to be denoted by Vi, is a good curve of return time from [3^,3^+^ — 1]. By bounded 
distortion 

$ 



Leb(Ci 



Leb(r'i 



Leb(Pi) • 



Now according to this final quantity is bounded from above by CS^'^. Summing up for all 
intervals Ci we obtain 

f i^^{T~^v+^^y^y) ^ C'3P^Leb(C). 

JC\A 

Summation on p from pi + 1 to po implies the statement. 
Corollary 4,22. We have 



□ 



h{e'^ -l) = it / hl^_^y\t\H + o{t\og{l/\t\)). 

Y JY 



Proof. We have 



hl^_^y\t0'" -l-itH) 



^ C / \h\l 



Y 



ip-^l/\t\ 



|n3/2|^|3/2_ 



We may estimate as 



\H{x)f'^\'^\h(T-'^ 



x]\ I ^ T{xfl^ \h{T- 





Now put = Yl])'^^ ^ '^x)!^/^. Then for a; G F of return time n we get \H{x)\^^'^ ^ 

(ii'logn)i/2$(^ 

x), as the standard stopping time satisfies t{x) ^ i^logn. 

By Proposition 14. 161 the average of the function $ on Ffl {ip^ = n} is less than cn'^/^. Putting these 
estimates together 



n=l 



nnn 



3/2 



^ c\t\'/w^ogm\)\tr^' = o{\t\ iog(i/iti)), 



while 



Y 



hl^_>i/\t\{e 



UH 



n)n = 0{t) 



n>l/\t\ 



as /i(v5- = ra) = 0{l/n^). 



□ 



4.4 Exact asymptotics for H 

Recall the value of / from (jlj, and the fact that on F fl {(/?_ = n} the function h is equivalent to nl. 



34 



Lemma 4.23. Let y = - — t\ — 

^ 1- 1 log 3 

good curve C with return time n, 



For any e > there exists Nq eN such that, for all n ^ Nq, for all 



Ic 



C\Ac 



H 



Leb(C\Ac; 



- n{y - 1)1 



^ en. 



Proof. Recall the asymptotic expressions for the transition probabilities from Remark 14 .81 These 
allow us to regard the map as a Markov chain. Then the statement of the lemma can be guessed 
by the expectation value with respect to the invariant distribution of this chain. 

The rigorous proof is inductive. Note that first we fix e > 0, that will correspond to the required 
precision in the asymptotics, and then we may choose n arbitrarily large. Let L G N be an integer 
for which (9/10)^ ^ e. This integer L is the number of inductive steps needed to obtain e-precision. 
More precisely, if no, . . . , n^, is an admissible sequence (here no = n), then n^ is typically much smaller 
than no. The Birkhoff sum of h for the times between rii and the stopping time can be estimated 
by the upper bound coming from Lemma f4.16[ which roughly means that we only need to take care 
of the sum for the first L steps. This estimate will be the starting point of our induction. Then we 
place our standard curve "high enough" (i.e., choose n large enough) to ensure that the transition 
probabilities of Remark H^Hl are accurate with very good precision. These transition probabilities are 
responsible for the appearance of y as we decrease the length of the admissible sequence uq, . . . ,ni 
from i = L to i = in the induction. 

Let C be a standard curve of return time n with the standard stopping time {Aq, r^) on it. If no, . . . , nj 
is admissible with n^ = n and i ^ L, the set Cno,...,ni is not empty, and we may consider C'^^ = 
Cno,...,n. n iC\Ac). For V = T-*(C„„,...,„J, define A = V\T-'{C'^^_J and t{T-'x) = rc(a;) - z. 'Then, 
for large enough n, {A,t) is a stopping time on V. To see this we note that Leb(A) ^ Leb(X')/2 as 
the number of iterations is bounded from above by L while Leb(Ac)/ Leb(C) ^ as n — > +oo. 

By increasing n if necessary, we may assume that for any p > n/3^, and for any x with 
we have \h{x) — pl\ ^ p/ {L3^). 

Thus for X G C' 



p 



no,...,nL 



we have 



L-1 



k=l 



k=L 



|i/(x)-(ni + --- + nL_i)/| 
where the first term satisfies 

J2 \hiT~'x) - nJl ^ Yl ^k/iLS"^) ^ riL 



-k. 



X) 



(43) 



L-1 



L-1 



k=l 



k=l 



as Uk ^ S^ni- On the other hand if we integrate the second term in we may use the upper 
bound of Lemma l4.16[ We get, for some constant C3: 



L H-{ni^ hnL_i)/ 



-rin,...,nr 



(44) 



Choose n large enough to ensure that (i) all the Ep from Remark 14.81 are less than e whenever 



p > n/3 , and that (ii) the distortion of any T * |c„ 



< L is bounded from above by e. 
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As y| log 3 — ?/ + l = Owe have, for n large enough, 



3p-C2 



y E 

P/3+C2 



8fc 



- 2/ 



< e 



(45) 



whenever p > n/3^. 

To simplify notation we introduce a = ^ and another positive number, {3 > 2 log 3 which is, however, 
not too big so that |/3 < a. By further increasing n, if necessary, we may also assume that i ^ 
whenever p > 

Now, by induction on decreasing i we show the following bound: 



L H-{ni^ hni_i)/ 



-nQ,...,ni 



rii Leb(C^ 



L-1 



^ a^-'(C3 + i/|/|) + C4^£a' 



(46) 



k=i 



where C4 is some constant. Note that for i = 0, when the sum ni + ■ ■ ■ + nj_i is to be interpreted as 
—no, this bound implies the statement of Lemma 14.231 On the other hand, the case i = L is already 
established in (jUJ. So let us assume holds for i, and show it for i — 1. We have 



iO---."i-l 



H~(ni + ■ ■■ + n,_2)/ 



ni_iLeb(C;^^ 
■I'c'. 



-nn,...,ni 



yi 



H -{ni + --- + ni^{)I 




yl + I 



rii Leb(C^ 



no,...,ni 



ni_i Leb(Q 



no,...,ni-i/ 



mi 



yi 



3rii_i-C2 



in. 

ni=ni_i/3+C2 

The choice of a large enough n ensures that even rii is large enough so that (HHll applies: 

3 



3ni_i-C2 



y 



E 



ni=ni_i/3+C2 



^ e. 



Now we will use the transition probabilities fHijl on the curve T~(*~^)(C„q, J. We will also use 
that the distortions of T~(*~^\ when restricted to this curve, are bounded from above by e. Note 
furthermore that C^^^ occupies at least (1 — £:) -proportion of C„o,- -,n!-i if ^ large enough (we 

may apply Proposition I4.12|l . The same holds for C^^,^ in Cn,Q These observations allow us to 
obtain (note rii^i/rii < 3): 



Leb(C„„,...,„J Leb(C;^,...,„J 



^ 2e 



Leb(a 



no,...,n,i 



Leb(C„p^.,.^„._-^^ 
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One more reference to Remark 14.81 and to the fact that the distortions can be made smaller than e 
if n is large enough implies 



Hi 



Hi 



By the triangular inequality, 



L H-{ni^ hrii-i)/ 



rii Leb(C;^^ „J 



-yi 



+ 



H-{ni^ hni_i)/ 



rii Leb(C' 



3 

Leb(C;g_ . J 8ni 



Let Bi be the bound at step i of the induction. Then the first term is bounded from above by 
and the second term is bounded from above by i5i±MilKZ5£ 

Recall the definitions of a and /?, we have X]p/3 \ ^ ajid^ if £ is small enough, (| + C^e)(3 < a. 
Putting our estimates together we get 

3ni— C2 



= e\I\+ 

™i-i/3+C2 



3E, ^ (E, + 1/1/1)^55 



3a 



+ (5,, + y|J|)C5£ /3 



^ {\I\+C,y\I\(3)e + aB,, 

Now if ()i6|l holds for i with C4 = |/| + C^y\I\[3, it holds for i — 1 with the same constants. 
Taking i = we get 



1 

n 



Leb(C\Ac; 



- n(y - 1)/ 



by the choice of L. Note that the constant C depends only on /, thus it can be "swallowed" by e. 
This completes the proof of the lemma. □ 



Proposition 4.24. We have 



hl,_^mH = ( ^-^^^-^ + 0(1) ) log(l/|t|). 



Proof. First let us show that 



^(/i-V^_/)V^i/|,|// = o(log(l/|t|)). 



(47) 



Fix e > 0. If is large enough we have \h — ip-I\ ^ eip_ for ip^ ^ A^. Thus we get (note that H is 
integrable, cf. Remark (4. 15|1 

N<in^l/\t\ ■^YnW-=n} 
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We may apply Proposition 14. 1 61 with s = 1 to show /y^i^ |-f^| ^ Cnfi{{p- = n) = 0(l/n^). Thus 
we get 



Y 



^0{l) + Celog{l/\t\)^C'elog{l/\t\). 



As the above inequality is true for any fixed e > 0, we get (|i7jl . 
Now we estimate 

1/1*1 



Jy JYnW-=n} 



By Lemma 14.231 we have Jy^,^^ =„} H (y — l)In^{ip_ = n) (y — l)In:^. Actually, the measure 
of the set {(p- = n} can be estimated by direct geometric arguments. Up to negligible terms, it is 
equivalent to in all relevant zones of X which are "corners of parallelograms". As there are 4 
such relevant zones we obtain the above formula. 



Finally we get 



/ ~ - ~ ^l—^ log(l/|t|), 

•'^ n=l 



which completes the proof. □ 



Proposition 14.11 follows from the combination of Proposition 14.241 Corollary I4.22| Proposition 14.1 
and Lemmas 14.31 14.21 



5 Proof of the main theorems 

In this section, we prove Theorems 11.11 and 11.31 The main tool will be an abstract theorem showing 
that, if an induced map satisfies a limit theorem, then the original map satisfies the same limit 
theorem. Such a result has been proved in the case of flows by |MTfl4| . and extended to the discrete 
time case (and to non-polynomial normalizations) in |Goufl3| . For the convenience of the reader, we 
state here the result we will use. 

If F is a subset of a probability space (X, m), T : X — > X, and Ty is the induced map on F, we 
will write S^g = ^2=o 9 °'^y' this is the Birkhoff sum of g, for the transformation Ty . We will also 
write Eyig) = Finally, for t G M, [t\ denotes the integer part oft. 

Theorem 5.1. Let T : X ^ X be an ergodic endomorphism of a probability space {X,m), and 
f : X ^ M. an integrable function with vanishing integral. Let Y d X have positive measure. For 
yeY, write ^{y) = inf{n > | T"{y) E ¥} and fy{y) = Y^ST^ f{T^y)- 

We assume the following properties: 

1. There exists a sequence Bn — »■ +oo, with infr>„ ^ > 0, such that fy satisfies a limit theorem 
for the normalization B^: there exists a random variable Z such that, for every t G M, 

Ey e 



E (e**^) 



(48) 
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2. There exists b > such that, in the natural extension ofTy, -^J^o ^ fYiTyy) tends almost 
everywhere to when N ±oo. 

3. There exists B'^ = 0{Bn^) such that ^" "^'^^^M QQ^iyerges in distribution. 
Then the function f satisfies also a limit theorem: 

S f 

i.e., tends in distribution to Z. 

' tin 

The first assumption is apparently different from the first assumption in |Goun3| Theorem A.l]. 
However, they are equivalent by [Eag76| (see also |MTn4| ). 

Remark 5.2. An analogous theorem holds in the case of flows, when y is a Poincare section of the 
flow and if is the return time to this Poincare section, with the same proof. Since a Poincare section 
has usually zero measure, it has to be formulated slightly differently: Ey will be the expectation 
with respect to the probability measure induced by m on F, and in (|i8|) m{Y) should be replaced 
with 1/Ey{ip). Finally, the sums (in the deflnition of /y, and in the deflnition of the Birkhoff sums 
of /) should be replaced with integrals, and correspondingly, the normalizing sequences Bn{B'^) with 
appropriate functions B{T) {B'{T)), 5 : M+ ^ M+. 



5.1 Proof of Theorem 11.11 for functions satisfying (PI) 

Let /o : Xq — * M be Holder continuous and satisfy (-P1). In particular, / 7^ 0. Deflne as in Section [2l 
functions /, f,g and g. Since / satisfles © and g — f is bounded, we obtain fiA{\g\ > x) ~ x~^l{x), 
where 

By Paragraph l3.H the function g is in the nonstandard domain of attraction of the normal law. More 
precisely, set 

L[x) = log(x) ~ 2 / 

TT Jl U 

The functions / and L are the tail functions of g, as deflned in Paragraph 13.11 
Proposition 14.11 gives 

%(e^*^ -l) = {y- l)ttL{l/\t\) + o{tL{l/\t\)), 



where y = jzTi^- Moreover, the function g is locally Holder on A, hj Hence, all the assump- 
tions of Theorem 13.41 are satisfied, for a = ?/ — 1 > 0. Let 



{2y-l)PP 
Bn = \ nlos,n- 



27T 



it satisfies ^(2a + 1)L(5„) 1. Hence, by Theorem [H we obtain that ^"^"^ > Af{0, 1) in 

distribution with respect to /xa- This is equivalent to the same convergence for g, with respect to /^a, 
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since g = g o and fi^ = (7rA)*(/^A)- Since / is cohomologous to g, we get the same convergence 
for /. Finally, since f = f ot^x and = {^^x)*{,^^^), we get that 



n 



on X, with respect to (x. 

The same argument applies to (p+ — J and we get that ^fc=o — WVi- (.Qj^ygj^-ggg jj^ distribution. 
Hence, Theorem 15. II applies, with 6 = 1. 

Set 5^ = B\nMx)\- Since /io(X) = ^(^^ by Q, we get 



r,, I 1 {2y-l)IH^ 



Theorem 15.11 yields 

B'n 

This concludes the proof of Theorem 11.11 



4(7r + 



Ar(0,l). 



5.2 Proof of Theorem D 

Let /o : Xq — > M be Holder continuous with / /o = and / = 0. In this case, we can not use the 
cohomology trick any more, since the proofs of Lemmas 12.41 and 12.51 relied heavily on the property 
(PI). The argument will be to induce on the basis of the tower A, prove a central limit theorem here 
(using Gordin's martingale argument), and then get back to the original space by using Theorem 15. II 
twice. The main difference in the inducing process with the previous paragraph is that we can no 
more apply Theorem 15.11 with 6=1. Hence, we will need to prove that Efc=o f converges 
almost everywhere to 0, for some 6 < 1. Many arguments of this paragraph are strongly inspired by 
|You98j ■ with additional technical complications due to the fact that our functions are not bounded. 

Let Aq be the basis of the tower A, and let Uq be the induced map on Ag (with a return time ip). 
Define a new function /o on Aq, by /o(x) = Efci^o"^ fiU'^x). 



Lemma 5.3. There exists ctq ^ such that 



n 



Af{0 



Proof. Since / = 0, it is not hard to check that there exists ai < 1 such that |/| ^ n°'^ on the set 
of points bouncing n times along the segments of the stadium. This implies that there exists ei > 
such that / G L^+^i(X). Hence, / G L^+^i(A). Since the return time ip belongs to for all p < oo, 
we get fo e L'^^'^'^{Aq) for some 62 > 0. 

Let Aq be obtained by identifying the points on the same stable leaf. It is the basis of the expanding 
Young tower A. Let ttq : Aq — > Aq be the canonical projection, and Uq the dynamics induced by JJq 
on Aq. Let Bq be the a-algebra on Aq obtained by pulling by ttq the a-algebra on Aq. A measurable 
subset B of Ao is i3o-measurable if, for almost all a; G -B, the stable leaf through x is contained in B. 
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We will prove 

J]||E(/o|t/o"So)-/o|L. <oo (49) 

and 

Y,\\Eifo I t/o-"So)L. <oo. (50) 
By Gordin's Theorem |Gor69| . this will imply the conclusion of the lemma. 

The basis Aq corresponds to a rectangle R for the dynamics T, which is naturally partitioned as 
R = [jRi, where Ri is an s-subrectangle of R. Let Ao,i be the corresponding subset of Aq, so that 
{Ao,i} gives a partition of Aq. Define a function A : Aq ^ M by A{x) = ^'^^q^^ ^+i^xU''x). It 
is constant on each set Ao,j, and corresponds to the number of times the original map Tq is to be 
applied to Ri so that this s-subrectangle makes a full (Markov) return to the base R. Since ip belongs 
to every L^(Ao) for p ^ 1 and ip+ G L^(X) for 1 ^ p < 2, the function A belongs to L^(Ao) for 
1 ^ p < 2. If x,y are on the same unstable leaf in a rectangle Ao,j, we have 

l/o(x)-/o(l/)| ^CA(x)r^(^'^) (51) 

for some constant C > and some constant r < 1. Here, s{x, y) is the separation time of x and y. 
Moreover, if x,y are on the same stable leaf in a rectangle Ao,i, 

\Ux) - Uy)\ ^ CA(x)d(7rxx,7rx2/)". (52) 

for some a > 0. 

Since the stable leaves are contracted at each iteration by at least A < 1, the atoms of the a- algebra 
UqBq have a diameter at most CA". By (fH^ . we get 

|/o(x) - E(/o I U'^B^){x)\ ^ CA(x)A"". (53) 



Unfortunately, A does not belong to L^, so a further argument is required to get (j49ll . Let p > be 
such that i + 2^ = \. By (Ol . 

|/o(x) -E(/o I U^Bo){x)\ ^ Cn^^X^r 
Hence, this series is summable in L^. Moreover, 

(J^)i/p 

||lA>n2p/o||^2 ^ l|lA>n2p||ip ||/o||^2+e2 ^ 2 I|.^o|Il2+s2 ■ 

The function -E(/o | UqBq) is bounded in L^^^^ i-,y H/oH^j^^^. Hence, we obtain 

||U>„2, |/o - E{fo I U,^Bo)\\\^, = 0(1/^2), 
which is summable. This proves (|i9|) . 

Let h = E{fo I Bq). This function is constant along the stable leaves, and has zero integral (since /o 
also has zero integral). Hence, it induces a function h on the quotient Aq. Since /o G L^, it satisfies 
h G L^(Ao). The following lemma is an easy consequence of the Holder properties of the invariant 
measure and (jS!}, see |You98} Sublemma page 612] for details. 
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Lemma 5.4. There exists constants C > and r < 1 such that, for all x,y in the same unstable 
leaf of a set Ao,j, 

\h{x)-h{y)\^CA{xy^''-y\ 

The function A is integrable. Hence, by |Goun4[ Lemma 3.4], this imphes that the function Uoh is 
Holder continuous on Aq. By |Goun41 Corollary 3.3], we get: 

I/qH tends exponentially fast to in the space of Holder continuous functions on Aq. (54) 

A computation gives 

\\E{fo I Ur^o)\\l. = I h-{U^h)oUS ^ \\h\\^, ||(W °f^o1L2 = Ml'^ II^o^IL- 
Hence, this term is exponentially small. This proves (f5n|l and concludes the proof of Lemma lOl □ 

The return time ip also satisfies a central limit theorem, by the same argument. Hence, by Theo- 
rem [HII] (applied with 6=1), there exists erf ^ such that 

V""^ f o U'' 



n 



Going from A to X, it implies that 



n 



Moreover, the return time 99+ : X — > N satisfies a limit theorem with normalization \Jn \ogn. Since 
^Jn = o{^/n\ogn), we can unfortunately not apply Theorem 15.11 with 6 = 1. However, if we can 
prove the following lemma, then this theorem applies with 6 < 1, and this concludes the proof of 
Theorem 11.31 



Lemma 5.5. For all b > 1/2, 



n-l 



(55) 

almost everywhere in X when n ±00. 



A:=0 



Proof. We first estimate the decay of correlations of /o for Uq. We will use the notations of the proof 
of Lemma 15.31 We have 

J h-hoUl^ = j fo-E{fooU^ I Bo)oUS + I /o- (/oot/2"-E(/oot/« I Bo)oUS). (56) 

The contraction properties of f/o along stable manifolds and (|H2|l give |/ooC7q (x)— i?(/oof7Q | Bo){x)\ ^ 
CA{Uqx)X°''^ . Hence, the second integral in ([56|l is at most 

where p < 2 is chosen so that + ^ = 1. Hence, this term decays exponentially fast. 
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In the first integral of the function E{fo o Uq \ Bq) o Uq is Bo-measurable (i.e., constant along 
stable leaves). Hence, this integral is equal to 

J h-E{hoU^ I B,)oU^. (57) 

Let hn = E{fQ o I Bq), it is So-measurable and defines a function hn on the quotient Aq. The 
integral ([FTjl is then equal to 

[ h- hnOU^ = [ U;^h- hn. (58) 
Jao J 

The L^-norm of hn is bounded independently of n. By (fMjl . (f58|) is exponentially small. This proves 
that / /o ■ /o o Uq^ decays exponentially. In the same way, / /o ■ /o o f/o"^^ decays exponentially. 

Since the correlations of /o decay exponentially fast and /o G L^, |Kac96[ Theorem 16] implies that 
^ X]fc=o /o ° f^o tends to zero almost everywhere when n +oo, for all b > 1/2. 

Now to see that ^ ^^=0 f°^^ tends to zero almost everywhere in A when n +oo, for all b > 1/2, 
we use |MTfl4| Lemma 2.1 (a)] which gives this convergence on Ao. However, by the ergodicity of 
U, the set on which this convergence holds must have either full or zero measure. As Ao has positive 
measure, we get this convergence almost everywhere on A. Finally, this implies the same for / in X. 
We have proved (|55|l for any 6 > 1/2 when n +oo. 

To deal with n — oo, we go to the natural extension. It is sufficient to prove the result for /o in 
Ao, since the previous reasoning still applies (using the fact that the natural extension is functorial, 
i.e., the natural extension commutes with induction and projections). In the natural extension Aq of 
Aq, we have J fo ■ fo° f^o " ~ / /o ° f^o " /o, which is exponentially small. Hence, |Ka,c96| Theorem 
16] still applies and gives the desired result. □ 

Remark 5.6. As /io(-^) > 0, we may apply |MTfl4[ Lemma 2.1 (a)] just as we did in the proof above 
to see that Lemma l575l implies 

^ n— 1 

almost everywhere when n ±oo, for any b > 1/2. 
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A Proof of Lemma 13.6 

Let Uo be the map induced by U on the basis Aq of the tower. Denote by ip the first return time on 
the basis, so that Uo{x) = W^^^^x). Note that ip{x) can also be defined for a; G A \ Aq as the first 
hitting time of the basis. 
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Let F be a finite subset of N. Let {niji^p be positive integers. Let 

K{F, n,) = {x G Ao I G F, ^(f/^x) = m}. 
Lemma A.l. There exists a constant C such that, for all F and rii as above, 

^,4K{F,n.))^ll{Cp"^). 

Proof. The proof is by induction on maxF, and the result is trivial when F = ^. Write F' = 
{i — 1 I i G F, i ^ 1} and, for i G F', set n[ = nj+i. 

if ^ F, K{F,ni) = UQ^{K{F\n[)). Since Uq preserves /xa and maxF' < maxF, we get the result. 
Otherwise, G F. Then K{F,ni) = Uq^{K{F' ,n[)) n {x G Ao,V5(x) = no}. By bounded distortion, 
we get 

/XA(i^(F,n,)) ^ C^^^{K{F',n';))p^{x G A^,^{x) = no} ^ C ^^^{K{F' ,n[))p^\ □ 
Lemma A. 2. There exist C > and 6 <1 such that, for all G N, 



'C/-"Ao 

Proof. Let k > be very small (how small will be specified later in the proof). Then 

t/""Ao C {x G A I ^„(x) ^ Kn} U {x G A I if{x) ^ n/2} U {x G A | ip{x) < n/2, ^„(x) < nn}. 

On the first of these sets, r*" ^ r*^", whence the integral of r*" is exponentially small. The second of 
these sets has exponentially small measure. Finally, the last of these sets is contained in Urio ^ ^^n, 
where 

r„ = {x G Ao I ip{Ui,x) ^ n/2}. 

To conclude the proof of the Lemma, it is sufficient to prove that the measure of r„ is exponentially 
small. 

Take L E N such that Vn ^ L, (Cp)^ ^ p"''^, where C is the constant given by Lemma FA.II For 
X G r„, let F(x) -.= {0 ^i^Kn\ ^{U'^x) ^ L}. Then 

n 



This implies that 



By Lemma IA.H we get 



E viUl,x) ^ - - Y^L^ (1/2 - LK)n. 

i&F{x) i^F{x) 



M(r„)^ E E n(^p")^E(^T^) E icp-^)...{cp-^-^) 

X]ni^(l/2-LK)n 5^ ni^(l/2-LK)n 
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For r eN, 

noH \-nt-i=r ^ ^ 

Hence, 



The sequence = P^^^^^-^r~ satisfies ^^^^ ^ p' := p^/^eva-iK for all r ^ (1/2 — Lk)^ and A; ^ /tn. 
if K is small enough, p' < 1, and we get 

^ k\ 1 — p' 1 — P' ^' 

k 

The sequence ^ is increasing for k ^ n. Hence, we finally get 

PA(r„) ^ -^p(^/^-^'^W^(.n+ 1)^^. 

1 — p' [Kn] ! 

Using Stirling's Formula, it is easy to check that this expression is exponentially small if k is small 
enough. This concludes the proof. □ 

Proof of Lemma \8.(\ Let be given by Lemma lA.21 Choose a > so that e^"6 < 1. Then 

f/""Ao C {x G A I uj{x) ^ an} U {x G A | uj{x) < an} n t/""Ao . 

Hence, 



'r/-"Ao Julian JU-"Ao 

The first term is exponentially small since e^p < 1. Lemma fA. 21 and the definition of a also imply 
that the second term is exponentially small. □ 
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